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centuries following his ground-breaking address, Riemann’s ideas have proven
very fertile, with an entire subject, Riemannian geometry [50, 199], having
its roots in this single source. In the twentieth-century work of Einstein and
Minkowski, manifold theory proved to be essential in the study of relativity
and four-dimensional space-time [58, 172].

Since Riemann and Einstein, the classification of manifolds has continued
in all dimensions, with recent spectacular progress in the fourth dimension
[188]. In particular, by the work of Simon Donaldson (1957–), the notion
of derivative has special interpretations in dimension four that do not oc-
cur in any other dimension [9, pp. 3–6]. The most elusive dimension, how-
ever, remains the third, with an outstanding problem being the classification
of three-dimensional manifolds that can be continuously deformed into the
three-dimensional sphere:

S3 =

{
(x1, x2, x3, x4) ∈ R4 |

4∑
i=1

x2
i = 1

}
.

This problem, known as the three-dimensional Poincaré conjecture, has been
solved for every dimension except possibly the third, with even the herculean
task of dimension three apparently also solved as this text goes into print.
The four-dimensional Poincaré conjecture was only recently proved (in 1982)
by Michael Freedman (1951–) [168, pp. 13–15].

Our story of curvature bears witness to some very applied problems, such
as constructing an accurate timekeeper, and mapping the round globe onto
a flat plane, whose solutions or attempted solutions resulted in key concepts
for an understanding of space. The development of relativity and space-time
provided a particular impetus for the study of manifolds, with the curvature
of space-time being a key feature that distinguishes it from Euclidean space.
The reader is invited to see [181] for a delightful informal discussion of curva-
ture, and [222, 223] for a more advanced description of manifold theory. This
chapter closes with the open problem of the classification of space, space in
the name of mathematics and philosophy, space in the name of physics and
astronomy, space in the name of curiosity and the imagination.

3.2 Huygens Discovers the Isochrone

Holland during the seventeenth century was a center of culture, art, trade,
and religious tolerance, nurturing the likes of Harmenszoon van Rijn Rem-
brandt (1606–1669), Johannes Vermeer (1632–1675), Benedict de Spinoza
(1632–1677), and René Descartes (1596–1650). Moreover, the country was the
premier center of book publishing in Europe during this time, with printing
presses in Amsterdam, Rotterdam, Leiden, the Hague, and Utrecht, all pub-
lishing in various languages, classical and contemporary [108, p. 88]. Into this
environment was born Christiaan Huygens (1629–1695), son of a prominent
statesman and diplomat.



168 3 Curvature and the Notion of Space

The young Huygens showed an interest in astronomy, developed improved
methods of grinding and polishing lenses for telescopes, and made notable dis-
coveries about the rings of Saturn and the length of the Martian day [212, p.
801]. During a visit to Paris in 1655, the Dutchman began to study probability,
and authored the book De Ratiociniis in Aleae Ludo (On the Calculations in
Games of Chance), published in 1657 [133, p. 456]. At the invitation of Jean-
Baptiste Colbert (1619–1683), minister of King Louis XIV (1638–1715), Huy-
gens moved to Paris in 1666 as a member of the newly established Académie
des Sciences, where he resided for the next 15 years. Aside from his work on
pendulum clocks (discussed below), he formulated a principle for the conser-
vation of energy for an elastic collision of two bodies, and correctly identified
the centripetal force of an object moving in circular motion. Newton held the
work of Huygens in high regard, and used the Dutch scholar’s results in some
of his own investigations [212, p. 802]. the reader is encouraged to compare
the work of these two intellectual giants on the derivation of the radius of
curvature in this and the following section. Alas, growing religious intolerance
for Prostestants in Paris prompted Huygens to return to the Hague in 1681.

Photo 3.1. Huygens.
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Later in life, he launched a study of microscopy in loose connection with
Anton van Leeuwenhoek (1632–1723), and developed highly original ideas in
protozoology. In 1690 Huygens published his Traité de la Lumière (Treatise
on Light), in which he proposed a wave theory of light. His final publication,
Cosmotheoros, appeared posthumously, and contains a summary of what was
known about the universe at the time. We turn now to the master’s work on
horology.

In a burst of inspired creativity during 1659, Christiaan Huygens devel-
oped a pendulum clock that theoretically keeps perfect time [121, 256]. In the
years prior to his landmark discovery, Huygens had studied the simple pendu-
lum, which consisted of a bob attached by a thread to a fixed point. The bob
then oscillated in a circular arc. As a timekeeper, the simple pendulum is not
entirely accurate, since the time required to complete one oscillation depends
on the amplitude of the swing. The greater the swing, the more time is needed
for an oscillation. Huygens’s genius was to discover a curve for which the time
of an oscillation is independent of the swing amplitude, an idea that at first
glance seems a virtual impossibility.

Such a curve is described either as isochronous or as tautochronous, both
terms referring to the “same-time” property at which the bob reaches its low-
est point, regardless of the amplitude. Astonishingly, Huygens showed that
the shape of the tautochrone is given by a curve that had been studied in-
tensely and independently during the seventeenth century, namely a cycloid.
Consider a point P on the circumference of a wheel and suppose that the
wheel begins to roll along a flat surface. The curve traced by the point P is
called a cycloid (Figure 3.1). For use in the pendulum, this curve could simply
be turned upside down (inverted), which would then serve as the path of the
bob. The cycloid had already occupied the minds of great mathematicians and
scientists such as Galileo, Torricelli, Mersenne, Roberval, Fermat, Descartes,
Pascal, and others [18], yet none of them discovered its isochronous property.
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Fig. 3.1. Cycloid.

Of course, once the shape of the tautochrone had been determined, the
problem of forcing a pendulum bob to oscillate along such a curve remained.
This the Dutch scholar solved by placing two curved metal or wooden plates
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at the fulcrum of the pendulum (Figure 3.2, II). As the bob swings upward,
the thread winds along the plates, forcing the bob away from the path of a
perfect circle, and as the bob swings downward, the thread unwinds. This
leads then to another problem in what today would be called mathematical
physics: what should be the shape of the metal plates? Huygens called the
curve for the plates an evolute of the cycloid, or evolutus (unrolled) in the
original Latin, and went on to discuss the mathematical theory of evolutes for
general curves, not just cycloids. The key idea for the construction of the evo-
lute is this: Suppose (Figure 3.3) that the thread leaves the plate at point A,
the bob is at B, and segment AB is taut. Although B is no longer traversing
a circle, the bob is instantaneously being forced around a circle whose center
is A and radius is AB. To find A and AB, simply determine the circle that
best matches the cycloid at point B. The length of AB became known as the
radius of curvature of the cycloid at B, while A became known as the center
of curvature. Finding the evolute of the cycloid is then reduced to finding
the locus of centers of curvature, a locus that Huygens demonstrated to be
another congruent cycloid shifted so that its cusp lies at the fulcrum of the
pendulum. The construction of a perfect timekeeper (assuming no friction) is
thus accomplished by attaching metal jaws in the shape of a cycloid to the
top of the pendulum.

The Dutch scientist published his findings in the magnum opus Horologium
oscillatorium sive de motu pendulorum ad horologia aptato demonstrationes
geometricae (The Pendulum Clock or Geometrical Demonstrations Con-
cerning the Motion of Pendulums as Applied to Clocks) in Paris in 1673,
with license and approval from King Louis XIV. In Huygens’s own words
[121, p. 11]:

For the simple pendulum does not naturally provide an accurate and equal
measure of time, since its wider motions are observed to be slower than its nar-
rower motions. But by a geometrical method we have found a different and previ-
ously unknown way to suspend the pendulum and have discovered a line4 whose
curvature is marvelously and quite rationally suited to give the required equality to
the pendulum. After applying this line to clocks, we have found that their motion
is so accurate on both land and sea, it is now obvious that they are very useful
for investigations in astronomy and the art of navigation. . . . The geometers of
the present age have called this line a cycloid . . . .

Huygens is a bit too optimistic, with further trials revealing that a pen-
dulum clock behaved unreliably at sea. Nonetheless, the idea of the radius
of curvature in Huygens’s work would become central for the study of the

4 Today, one would write “curve” instead of “line.”
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Fig. 3.2. Huygens’s pendulum.

bending of curves. Let’s continue with a discussion of pendular motion before
reading a passage from the Horologium oscillatorium.

To briefly describe the physics of the simple pendulum in modern dress-
ing, consider a bob B of mass m suspended on a thread of length L (Figure
3.4). Suppose further that the thread forms an angle θ with the vertical. The
force due to gravity acting on the bob is F = mg, and is directed downward.
Now, F can be written as the sum of two forces, Ft and Fp, where Ft is the
component of F tangent to the path of the bob, and Fp is the component of
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Fig. 3.3. The isochronous pendulum.

F perpendicular to Ft. The magnitude of Ft is mg sin θ, while the magnitude
of Fp is mg cos θ, where g is the scalar value of acceleration due to gravity.
Since the thread and Fp lie on the same line, the tension in the thread and
Fp sum to a vector that lies on this line. The tangential component of the net
force acting on the bob is thus Ft.

Letting a denote the tangential acceleration of the bob, we have

ma = −mg sin θ,

a = −g sin θ.

The negative sign is used since Ft points to the left for positive values of θ
and to the right for negative values of θ. (Equivalently, Ft always points in
the direction of decreasing magnitude for θ.) Tangential acceleration is the
first derivative of speed, v, with respect to time,

a =
dv

dt
,

while speed is the derivative of the distance traveled, i.e., the arc length of
the path from O. Letting s denote this arc length, we have

v =
ds

dt
,

d2s

dt2
= −g sin θ.

Note that the arc length from O to B is s = Lθ, and thus

d2s

dt2
= −g sin(s/L)
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Fig. 3.4. The simple pendulum.

is the equation of motion for the simple pendulum. Huygens knew that this
type of pendulum is very accurate for small values of θ, for which sin θ ≈ θ,
and hence

d2s

dt2
≈ −gs

L
.

Letting k = g
L , then

d2s

dt2
≈ −ks

rather accurately models small displacements of the simple pendulum. Huy-
gens’s insight was to find a curve for which d2s

dt2 is exactly, not just approx-
imately, equal to −ks for all values of s. A modern derivation of his results
can be found in Exercises 3.2 through 3.5. An examination of the improved
accuracy of the isochronous pendulum over the simple pendulum is presented
in Exercise 3.6.

The Dutch clockmaker’s discovery is perhaps all the more striking, since
he arrived at his results before the advent of the calculus of Newton and
Leibniz. Huygens did, however, make ready avail of the geometric idea of a
tangent line, which was part of the mathematical culture at the time, and
he exploited what today would be called the constant acceleration of a body
in free fall. Since acceleration was not yet articulated as a separate concept,
Huygens expressed constant acceleration as “In equal times equal amounts of
velocity are added to a falling body, and in equal times the distances crossed
by a body falling from rest are successively increased by an equal amount”
[121, p. 43]. The latter idea goes back to Galileo’s Discorsi e dimostrazioni
matematiche intorno a duo nuove scienze (1638), which is the original Italian
title for Dialogues Concerning the Two New Sciences [78] [256, p. 9]. Huygens’s
mathematical work is very geometric, with statements written verbally, and
not couched in formulas. Imagine finding the equation of motion for even the
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simple pendulum, not to mention the isochronous pendulum, without the use
of derivatives or integrals.

Let’s read then a passage from the Horologium oscillatorium [121, pp. 94–
96] in which Huygens isolates a geometric quantity that would become the
radius of curvature. Proposition XI in part III of the text is concerned with
the construction of the evolute of a given curve as well as finding the arc
length of the evolute. Recall that a tangent to a circle at some point B is
perpendicular to the radius drawn from the center of the circle to B, a fact
that Huygens used liberally in his description of the circle that best matches
a given curve at a given point.

∞∞∞∞∞∞∞∞

Huygens, from
The Pendulum Clock

PROPOSITION XI

Given a curved line, find another curve whose evolution describes it. Show
that for any geometrical curve, there exists another geometrical curve for which
an equal straight line can be given.5

Let ABF (Figure 3.5) be any curved line, or part thereof, which is curved in
one direction. And let KL be a straight line to which all points are referred. We
are required to find another curve, for example DE, whose evolution will describe
ABF .

Assume that such a line has already been found. Now since all the tangents to
the curve DE must meet at right angles with the line ABF , which is described by
evolution, it is also clear in the reverse relation that lines which are perpendicular
to ABF , for example, BD and FE, will be tangents to the evolute CDE.6

Next select the points B and F , which are close to each other. Now if the
evolution begins from A, and if F is more distant than B from A, then the con-
tact point E will also be more distant than D from A. And the intersection of
the lines BD and FE, which is G, will fall beyond the point D on the line BD.
For BD and FE must intersect since they are perpendicular to the curve BF on
its concave side.

5 The term “equal straight line” is used to refer to arc length. In 1658 Christopher
Wren computed the arc length of the cycloid in response to a challenge posed
by Pascal [18, 256] Given a curve C and a point P on C, let Q be the point on
the evolute corresponding to P . Then the arc length of the evolute from a given
endpoint to Q is equal the length of the radius of curvature of C at P .

6 The point C, missing in Figure 3.5, should be in the lower right-hand side of the
diagram, along the right most curve, just above the point D. The point C appears
in Huygens’s original Horologium oscillatorium.
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Fig. 3.5. Construction of the evolute.

Moreover, insofar as the point F is closer to B, to the same extent the points
D, G, and E will also appear to come together. And if the interval BF is taken
to be infinitely small, these three points can be treated as one. As a result the
line BH, after having been drawn, is tangent to the curve at B and also can be
thought of as tangent at F . Let BO be parallel to KL, and let BK and FL
be perpendiculars to KL. FL cuts the line BO at P , and let M and N be the
points where the lines BD and FE meet KL. Since the ratio of BG to GM is
the same as that of BO to MN , then when the latter is given, so is the former.
And when the line BM is given in length and in position, so is the point G on
the extension of BM , and also D on the curve CDE, since we have taken G
and D to be one. But the ratio of BO to MN is already known both in the
case of the cycloid, which we investigated first and found to be 2 to 1, and in
the case of the other curves which we have examined so far where we found it
to be the [composition] of two given ratios. Now since the ratio of BO to MN
is composed of the ratio of BO to BP or of NH to LH [and7] the ratio of BP
or KL to MN , it is clear that if either8 of these latter are given, then the ratio
of BO to MN , which is composed of them, will also be given. It will be clear in
what follows that the former are given for all geometrical curves. And as a result

7 BO/MN = (BO/BP ) (BP/MN).
8 Either BO/BP or NH/LH and either BP/MN or KL/MN .
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by their use it is always possible to designate curves by whose evolution the given
curves are described.9

∞∞∞∞∞∞∞∞
In the construction of the evolute, the quantity BG becomes the radius of

curvature of the curve ABF at the point B, and Exercise 3.1 describes how
Huygens’s geometric methods can be employed to compute BG in a specific
case, while Exercise 3.7 outlines a derivation of the modern equation for BG.
The circle with center G and radius BG would be called the osculating circle
(circulus osculans) by Gottfried Wilhelm Leibniz (1646–1716) in his 1686 pa-
per Meditatio nova de natura anguli contactus et osculi (New Mediations on
the Nature of Contact and Osculation Angles) [154]. The German-born Leib-
niz spent the years 1672–1676 in Paris, where he met the renowned Huygens,
and became his pupil [117]:

Huygens came to like the studious and intelligent young German more
and more, gave him a copy of the Horologium as a present and talked
to him about this latest work of his, the fruit of ten years of study, of
the deep theoretical research to which he had been led in connection
with the problem of pendular motion. [117, pp. 47–48].

Exercise 3.1. In this exercise the radius of curvature of y = 4 − x2 is esti-
mated at the point B(−1, 3) using the geometric ideas of Huygens. In mod-
ern terminology, let the y-axis be placed along the line HL (Figure 3.5), and
suppose that the x-axis is parallel to the line FL, so that B has coordinates
(−1, 3). What is the y-coordinate of the point K? Using a modern equation for
the slope of the tangent line to y = 4−x2 at B, find the y-coordinate of H. Find
the y-coordinate of M from the equation of the line perpendicular to y = 4−x2

at B. Let F (−1.1, 2.79) be another point on the parabola y = 4 − x2, close
to B. From F , determine the y-coordinates of L and N . From the equations

BG = BM + MG,
BG

MG
=

HN

HL

KL

MN

estimate BG, the radius of curvature of the parabola at B. Repeat the con-
struction using the same point B, now considering F as (−1.01, 2.9799).

Exercise 3.2. The goal of this exercise is to develop the equation of the tau-
tochrone by using a few modern techniques from physics and integral calculus.
Recall that the equation of motion for the simple pendulum is approximately
given by

9 Once the length BG and the position of G can be determined, then the evolute of
the curve ABF can be constructed by allowing the point B to vary, and repeating
the construction for BG. Further details can be found in Exercise 3.7
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d2s

dt2
≈ −ks

for small values of the arc length s. Consider instead a particle of mass m
moving along the x-axis subject to a net force F = −kx, where k is a positive
constant. Let x(t) denote the position of the mass at time t, v(t) its velocity,
and a(t) its acceleration. Suppose that at time t = 0, the mass is released
at the position x(0) = A0 with initial velocity v(0) = 0. Still assuming that
F = −kx, find an equation for x(t). The reader may wish to review the ideas
of simple harmonic motion in a physics or calculus text. Show that the parti-
cle oscillates about the origin with maximum displacement A0. Show that the
time required for the particle to travel from A0 to the origin is independent
of the value of A0. What is the significance of this finding?

r (t)

θ

Bob

Metal plates

y-axis

Fig. 3.6. The pendulum bob.

Suppose now that the particle is a pendulum bob swinging on a thread,
and that the thread itself is constrained by metal plates (Figure 3.6). Let the
y-axis be placed along the vertical position of the thread when the bob is at
rest and at its lowest position. We wish to find a path r(t) such that gravity
and tension in the thread combine to produce a net force whose tangential
component has magnitude kms. Here s denotes the arc length of r(t), mea-
sured from the bob’s lowest position. From the above assumption about the
tangential component, show that for the curve r(t), we have (which holds for
the isochronous pendulum, but not the simple pendulum)

d2s

dt2
= −ks.

Letting θ denote the angle formed by the taut thread and the y-axis, show that

d2s

dt2
= −g sin θ
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as well, assuming that the net force on the bob points in the direction of de-
creasing magnitude of θ. Equating the two expressions for d2s

dt2 , find an equation
for s, and then compute ds

dt . For

r(t) =
(
x(t), y(t)

)
,

explain how dx
dt and dy

dt are related to ds
dt and θ. Integrate the resulting expres-

sions to find parametric equations for x and y in terms of θ. Apply the initial
conditions x = 0 and y = − g

2k , both when θ = 0, to conclude that

x(θ) =
g

4k

(
2θ + sin 2θ

)
,

y(θ) = − g

4k

(
1 + cos 2θ

)
.

Finally, graph this set of parametric equations in the xy-plane in the special
case g

4k = 1. Be sure to notice the negative sign for y(θ).

Exercise 3.3. In this exercise the shape of the tautochrone studied above
is identified. Consider a circle of radius R and center C rolling to the left,
below and tangent to the x-axis (see Figure 3.7). Let P be a point on the
circumference of the circle and let α denote the angle between CP and the
lower half of the vertical diameter. We wish to find the parametric equations
for the coordinates of P as the circle rolls toward the origin (0, 0). Suppose
that when the circle touches (0, 0), we have α = 0, so that P is diametrically
opposed to the origin at this instant. Assuming that the circle rolls without
slipping, find the coordinates for the center C in terms of R and α. Then find
the parametric equations for the coordinates of the point P in terms of R and
α. This is the equation of the cycloid. What expressions for R and α yield the
equation of the tautochrone in Exercise 1? Be sure to justify your answer.

Exercise 3.4. In this exercise the shape of the metal plates in Huygens’s
pendulum is determined by studying the evolute of a cycloid. Consider for
simplicity the cycloid given by (compare with Exercise 3.2)

(0, 0)

P

P

C α

Fig. 3.7. The rolling circle.
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ϕ(θ) =
(
θ + sin θ, −(1 + cos θ)

)
, −π ≤ θ ≤ π,

i.e., x(θ) = θ + sin θ, y(θ) = −(1 + cos θ). Recall that the evolute of ϕ(θ) is
given by the locus of the centers of the osculating circles for the graph of ϕ(θ).
First, determine the radius of curvature R of the parametric curve ϕ(θ) at an
arbitrary point P using formula (3.2) from the next section, where R = 1/k.
The center C of the osculating circle is then located on a line perpendicular
to ϕ(θ) at P , and at a distance R from P . Moreover, C is positioned above
ϕ(θ) (i.e., the osculating circle and ϕ(θ) have the same concavity at P ). Using
these geometric principles, find a parametric equation for E(θ), the evolute of
ϕ(θ). Show that E(θ) is also a cycloid, congruent to ϕ(θ), except shifted by
an amount π in the x direction and 2 in the y direction.

Exercise 3.5. Of course, the construction of the evolute itself in Exercise 3.4
does not offer proof that the pendulum bob will follow the path of the cycloid
ϕ(θ), simply because the metal plates are themselves cycloids. This requires
a separate exercise. Suppose then that the metal plates are shaped according
to E(θ) found above. Sketch a graph of E(θ) for −π ≤ θ ≤ π, and verify that

E(0) = (0, 2), E(π) = (π, 0).

Suppose that the pendulum thread has a length that is exactly equal to the
arc length of the evolute between θ = 0 and θ = π. If the thread is completely
wound to the right, then the bob is located at (π, 0). As the thread unwinds,
it remains tangent to E(θ), and the length of the unwound thread equals the
arc length of E(θ) between the point of tangency and (π, 0). Recall that if

E(θ) =
(
x(θ), y(θ)

)
,

then the arc length between E(α) and E(β) is given by

∫ β

α

√(dx
dθ

)2

+
(dy
dθ

)2

dθ.

Let I(θ) be the curve traversed by the bob (at the end of the thread) as this
thread unwinds. Use the ideas of tangency and arc length to find parametric
equations for I(θ). Show that I(θ) is the original cycloid ϕ(θ).

For any curve r(t), imagine a thread wrapped around r(t) with an endpoint
P on the curve. If P is pulled from the curve so that the thread remains taut
(and tangent to r(t)), then the locus of points traversed by P as the thread
unwinds is called the involute I of r(t). What do you conjecture about the
involute of an evolute in general? Huygens addressed this very question in his
Horologium oscillatorium and discovered several striking relations between an
evolute and its involute.

Exercise 3.6. In this problem we wish to compare the solution of the differ-
ential equation
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d2s

dt2
= −k sin s, (i)

which arises from the simple pendulum, to the solution of

d2s

dt2
= −ks, (ii)

which occurs for the isochronous pendulum. In both cases, suppose that s is
a function of t, and that the initial conditions s(0) = 0, s′(0) =

√
k are given.

Find the solution to (ii). For (i) start with a series solution

s(t) = a0 + a1t + a2t
2 + a3t

3 + a4t
4 + a5t

5 + · · · ,

and find a0 and a1 from the initial conditions. Using the first few terms of the
Taylor–Maclaurin series for sin(s), find a3, a4, and a5 by substituting certain
series into both sides of (i). Compare this with (ii) by writing out the terms
of the series for (ii) up to and including t5. Finally compare the value of both
solutions when k = 1, t = 0.1, and comment on the improved accuracy of the
isochronous pendulum over the simple pendulum for small values of t.

Exercise 3.7. In this exercise the modern analytic formula for the radius
of curvature is derived from Huygens’s original geometric description. Since
Huygens had neither the concept of derivative nor that of limit, infinitesimals
are used in the sequel. Consider a curve in the xy-plane such as ABF in
Figure 3.5. Let B(x1, y1) and F (x2, y2) be two points on the curve that are
infinitesimally close, and let

dy = y2 − y1, dx = x2 − x1.

Then the derivative of the curve at B or F is given by dy
dx . Moreover, the

length of the line segment joining B(x1, y1) and F (x2, y2) is

ds =
√

(dx)2 + (dy)2,

and this segment may be considered tangent to the curve at either of the two
points.

Turn now to Huygens’s construction of the evolute of the curve ABF (see
Figure 3.5). Recall that BG represents the radius of curvature of ABF at the
point B, and that the conclusion of his geometric argument may be summa-
rized as

BG

MG
=

HN

HL

KL

MN
.

Notice that the reference line KL in Figure 3.5 serves as the y-axis, while FL
can be considered as the x-axis, with the point L being the modern equivalent
of the origin. In this interpretation, however, increasing values of x point to
the left, while increasing values of y point downward, so that as curve ABF
is drawn, point B is reached before F . From the equation
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HN

HL
=

HN

FH

FH

HL
,

conclude that
HN

HL
=
(ds
dy

)2

by arguing that
HN

FH
=

ds

dy
and

FH

HL
=

ds

dy
.

Next show that
MN

KL
= 1 +

(LN −KM

KL

)
.

Use geometry to conclude that LN = x dx
dy , where x is the horizontal dis-

tance between the KL-axis and a point on the curve ABF . For the point F ,
x = x2 = FL. Explain conceptually why

LN −KM

KL
=

d

dy

(
x

dx

dy

)
,

and use the product rule to compute the latter. Also using the geometry of
�BKM and �BPF , find an expression for BM and substitute this into the
equation

BG = BM + MG.

Find an expression for BG using algebra with infinitesimals, noting that

(ds)2 = (dx)2 + (dy)2 ,
d2x

dy2
=

d(dx)
dy · dy ,

where d(dx) is the second difference of the quantity x. Express BG as the
ratio of two terms with the denominator being simply d2x/dy2, and compare
this to formula (3.1) in the next section, from which the radius of curvature
is R = 1/k. You may wish to switch the dependent and independent variables
(x and y) to reconcile Huygens’s construction with modern conventions for
graphing a function y = f(x) in the xy-plane. Also, use of the absolute value
of the expression for BG may be more appropriate.

Exercise 3.8. Although many introductory physics texts discuss the sim-
ple pendulum, very few describe Huygens’s contributions to pendular motion.
Postulate why his work on the isochronous pendulum is given so little atten-
tion today.

3.3 Newton Derives the Radius of Curvature

With the geometric notions of center and radius of curvature established, ana-
lytic expressions for these quantities can now be sought. This is the very issue


