Exam 1

Chemistry 539
Wednesday, October 12, 2011
Your Name:

This is the mid term exam. You can use your notes or a textbook but cannot discuss
anything with other students. You have 1 hour to complete the exam. Write ALL your
derivations , especially if you wish to get partial credit.

Question 1 (10 points)

Construct the matrix representation of the operators S?, S;, and Sy for spin S=3/2 in
the basis set defined by its projections, ms. Hint: Use algebraic relations for these
operators to derive the corresponding 4 x 4 matrices.
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Question 2 (30 points)

Dipole moment of HCI molecule is 1.05 D (1 electronx1 A=4.8 D ) and the bond length
is 1.274 A. Take m(*H) = 1.007825 amu and m(**Cl) = 34.96885 amu

Can the state J=2 radiatively go into the states J=1, J=07?

What is the energy of photon emiited for J=1 - J=0 transition?

What is the radiative lifetime of J=1 state?

Reminder: The Einstein coefficients A and B are: Ai = 316’;; v |
0]

Spherical harmonics Y{"(0,¢) = (-1)™ %% e'M?PM(cosd):

1) The selection rules allow only J=2- J=1 transition, while J=2+» J=1 is forbidden

2) Expressed in wavenumbers, vi.o = 2B = 21887818 cm-1 — 21 205¢cm?
1.5900(amuA*)

. . . | _ 1.007825x34.96885 2 _ 2
where the moment of inertia was calculated : | = TooTaos 34 oceee L 274% = 1. 590 0amu A
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3) First, the numeric value for:

Ait = 22 viluir] = b325(21. 205)*3 x 101 x 1016 (L% ? = b3.3043 x 1035

where the coefficient b should be on the order of unity and evaluates just the angular
part of the integral for the transition moment. The transition corresponds to tilting the
dipole moment u, to change its rotational state.

H = po(Exsinfcosg + €ysindsing + €,cos0 )
The states involved are:

Y8(0,0) = [ Y2(0,0) = |2 (c0s6);Y1(0,9) = — |+ €¥sind
Let us choose the light polarization along z axis. Then only the z projection of i
needs to be evaluated. The answer should not vary if we chose x or y instead.

g :
A (VualY8) = 4= JdcosO x cos?0[dp = L = LL = L~ b

Aj1.3-0 = 1.1 x 103s or 73-1.3-0 = 900s - very sloooooow process.

Question 3 (10 points)

How many cycles of light are in a 10 fs (0.01ps) pulse of light of nominal frequency
corresponding to A= 600nm? How long (in space) is this pulse? How precisely can this
light's wavelength be specified? Is it enough to distinguish red and green?

I~cAt~3 x 108m/s * 10~14s = 3 x 10°m
_9:2
AEAt-h => AVAt~1 => Aj~A2 8~ 22 = OO0 9 5,107m = 120nm
Thus it spreads from ~540 nm and 660 nm, barely enough to make the distinction

between green and red.

Question 4 (20 points)
Identify point symmetry groups for the following molecules
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Molecule Point Group

CH;Cl Cay
CH4 Ty

CO; Doch
H,C=C=CH, D2g
CeHs Den
H-C=N Cov
trans dichloroethylene Con
cis dichloroethylene Co
PF3 Cav
NH3 Csy

Question 5 (25 points)
Identify molecules with observable microwave transitions and sketch their microwave

spectra (neglect centrifugal distortion). B, = 2Zig = :fg-f;n:ﬁi;‘) cmt

Molecule Symmetric top? What kind? | *Estimate B
H- linear no uw
H2C=CH, - no uw
CeHs oblate top no uw
Coo spherical top no uw
CH4 spherical top no uw
HCI linear **

CHsClI prolate top o
H,C=C=CH, prolate top no uw
trans dichloroethylene | - no uw

*- Estimate B only for the molecules that do show rotational spectra. Otherwise,
indicate ' no uw absorption’. Take the bond lengths very approximately. Describe or
sketch the microwave spectra at room temperature in the gas phase with indication of
the splitting(s) and approximate relative intensities.

**- the spectra without centrifugal distortion should have equally spaced lines with 2B
and intensities reaching maximum at Jyax~ [+ — 1/2

2B for HCI for estimated above 21.2cm™*
The moment of inertia Is for CHsCl can be estimated as pono R3o~12% 1,772 =

McHg*Mcl
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32.9amuA’i.e. 2B = 2%~1cm—l

. e

015 T

017

=9
0051 1.52 253 3.54 4.5 55 6.5 7.58 859 9.510105111.5

J

Question 6 (5 points)
In how many lines will the transition 4 <—3 in microwave absorption of HCI split in the
electric field ?

Selection rules are AM; = 0,+1. In electric field the degeneracy is lifted with respect to
[M;]. Thus transititons from :

J=3M;=0-J=4M; =0,£1- 2 lines.

J=3M; =41 ->J=4M; =0,£1,42 - 3 lines.

J=3M; =42 > J=4,M; = £1,+2,+#3 - 3 lines.

J=3M; =43 ->J=4M; =+2,£3,+4 - 3 lines.

Total - 11 lines
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'Cheating’ Sheet

Postulates:
1) [w=(7.t)¥(7,t)dr =1
2) For every observable - Hermitian operator in QM. x - X ; px » P, = —ih%.

3) For any observable A: ,/A\q/k = Ay and any

Y = chy/k = ¥ >= (Z)|k >< K|W >.
k k

<‘{‘|/A\\|\IJ> J-“P*ﬁ‘}‘dr
<¥|¥> -

4) (A) = —[ W AWdr (if <¥[¥>= 1);

J.‘P*‘Pdr

(A) = Zxk|ck|2:(2)zk|< K >|?
k k

. s L 0P (T) N
5) Time dependent Schrédinger equation: ii—s— = H¥(7,t),

e . . A 2
where nonrelativistic Hamiltonian: H = —zh—mVZ +V

Hyn(0) = Eqyn(X)
Fn(x,1) = wa(x)e =

For time independent V(x) :

1D systems:
PIB: [ n >= yu(x) = [ sin 22 | E, = 2

|n o l//n(X) ( e )1/4 ::_Zn (é)e_gj?/z ® = ‘/:’ 5 mw X

En = (n+ 3)iw = (n+ +)hv V=2

mol At _ moh
a_\/ X+J2ﬁmwp’ a = > X
ajn >= /n|n >; a'ln>= /n+n+1>
Va__

o | (F) e*P

1 | (&)Vge-E

HO:

Z Zf; e 2
253-88 | _1g2
Ve Gt
POR: | yn(p) = [-L e | En = 5 | | = 3 mir2 (i R? for diatomic )
3D systems:

Hamiltonian in spherical coordinates:
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1 2 0
H=- 2m|:r26r<r

r25|n0 0 <Sm9 00 ) +

Angular momentum (and spin):

C= | —in[FxV]

[ +E§ +L; = 7 & (sin65 ) -2 %
L, = %(x% —yE&) | =ik

Ly = %(y% —2% |h(sm(p +C0S p coth-Z )
Ly= 2(z&£-xZ) = |h(smqocot0%-cos<p%)
Li = Lezily = J_rhei“/’(a—% + icot@%)

L= (L.L_+L2-7L,)

I, m >= 7211 + D|l,m >

Zl,m >= Aam|l,m >

Cell,m>=A /1(1+1)-m(m £ 1) |I,m £ 1>

YS | JUAx

0 3

Y73 4 cos0
+1 3 +ip qj
Y3 /—&T e*?sinf

0 [5 3cos20-1
Y2 T 4

5—5 eti? sin 20
/4

15 A+2ip ojn2
3 €777sin 0

r2 snnzo a(p :|

+ V(r)

Linear Combinations: | Names
Linear Combinations: | Names || y90 d..
5 2 z
Yo S %(Y% + YEl) dx.
v Pz 1
L vi-Y3h) d
—(Yi+Yh) Px - 22 22 g
—(Y5+Y3%9) d,2_,2
|J‘ —(1-YhH) Py 2 -
ﬁ(Y% - YEZ) dxy

Hydrogen-like atom: V(r) = - -2~

dreqr

l//nlm(r, 0! (P) =

RuYP(0, ) = /( 2y’ L

2n (n+1)'

—Zr/na(ﬁ

20y

it (FOYT0, 9)

_ 1 _7%?
En = 2n2 4meodp
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RlO 2(%)3/2e—2rla
312

Rao | (&) (2 F)e ™=

312 _
R21 %(%) (& )e2rea

312 _zr
Rao | 22 (%) (27-18% + 22 Je &

3/2 _
Rar | o ()™ (5)(6 — §r)e-2ree

4 ZN\32, 7r N2 ,-7r/3a

R32 81m(a) (a)e
Constants :

_ 2 _
Lars>—(2s+1)a<rst>+5 ((21+1)° - s? ) a?<rs 2

Electron charge

1.602177 x 107°C

Planck’s constant

6.6260755 x 10734J-s

Electron mass Me 9.1093897 x 103 kg or 0.511MeV
Proton mass Mp 1.672623 x 102" kg or 938.27 MeV
Speed of light c 2.997924 x 108m/s

Bohr radius a0 = 72 % 0.52918 x 10-10m

Rydberg constant Roo = 2 (25 )2 2.17987 x 10-18J or 3.28984 x 1015 Hz
Hartree energy Enh = 2R 4.35975 x 10718 J or 27.2114eV
Fine-structure constant = 2§Ozhc 7.29735 x 1072 = 1/137.04
Boltzmann constant k 1.380658 x 1072 J-K!

Bohr magneton Us 9.274 x 107#J/T

Nuclear magneton LN 5.051 x 1027 J/T

Mag. permeability of free space | uo 1.25664 x 105N « A2

Permeability of free space go = 1/c% o 8.854187817 x 10 1?F/m
Avogadro’s number Na 6.0221367 x 10% mol~

Virial theorem: for V(x) = ax®,< K>= > <V >
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