Fractal with basins.

Fractal with iterations.

2
Solving Equations Numerically:
Finding Our Roots

2.1 Introduction
The formula
xn+1 = xn −

f (xn )
f  (xn )

(2.1)

is one of the most widely used algorithms in computers today, from the guidance systems for rockets to the calculation of orbits of heavenly bodies. From
an initial guess x0 , one proceeds recursively to ﬁnd x1 , x2 , x3 , . . . . This algorithm is often called Newton’s method, but in this book we call it Simpson’s
ﬂuxional method, since it ﬁrst appears in a textbook of Thomas Simpson in
1740 using ﬂuxions [214].
By applying the algorithm to the polynomial f (x) = x3 − 1, whose wellknown roots make the root-ﬁnding transparent, we obtain the following values
when it is started at x0 = 2.
n
0
1
2
3
4
..
.

xn
2
1.41666 6667
1.11053 4410
1.01063 6768
1.00011 1557
..
.

f (xn )
7.0
1.84317 1296
0.36960 7290
0.03322 5093
0.00033 4709
..
.

f  (xn )
12.0
6.02083 3333
3.69986 0026
3.06416 0032
3.00066 9381
..
.

f (xn ) /f  (xn ) xn+1
0.58333 3333 1.41666 6667
0.30613 2257 1.11053 4410
0.09989 7641 1.01063 6768
0.01052 5211 1.00011 1557
0.00011 1544 1.00000 0012
..
..
.
.

The last column appears to be converging to 1, a root of f , with the number
of signiﬁcant digits doubling at each step. In general, these iterates should
approach a root r of any reasonable function f , that is, limn→∞ xn = r with
f (r) = 0.
An intuitive explanation of this algorithm is illustrated in Figure 2.1, where
we have graphed the function f , together with several iterations. The hypotenuse of each triangle has a slope: f  (xn ) = f (xn ) / (xn − xn+1 ), from

84

2 Solving Equations Numerically:Finding Our Roots

Y

r . . x3

x2

x1

x0

X

Fig. 2.1. Simpson’s method (not to scale).

which equation the earlier formula (2.1) is immediately derived by solving for
xn+1 .
How fast is this algorithm? Remarkably fast! This is part of its strong
appeal. The technical term is quadratic convergence; this means that once the
algorithm is underway, the number of new signiﬁcant digits generally doubles
at each iteration, as already observed in the example.
But how good is Simpson’s method? Does it always converge to a root?
And is it the root we want if there is more than one? Despite the method’s
apparent success in practice, one can easily construct all sorts of nasty counterexamples (Exercise 2.1). In our example of f (x) = x3 − 1, the derivative
f  (x) is 0 at x = 0; so the tangent line will never meet the X-axis, and thus,
with x0 = 0, the iteration scheme (2.1) stops abruptly (Figure 2.2). Worse
yet, there are inﬁnitely many such deadbeats, i.e., values of x√0 that fail ever
to reach a root. For instance, to the left of 0 where x0 = −1/ 3 2, the tangent
line in Figure 2.1 meets the X-axis at x1 = 0, taking us back to the previous
dead end! Now it is easy to keep moving leftward, ﬁnding more and more
deadbeats. We simply work backwards by setting xn+1 to a previous undesirable and solving for xn in (2.1). But what about the two well-known complex
roots of x3 − 1, and points in the complex plane that converge toward them,
or fail to?
The swirling haunting pattern of “Fractal with Basins” on the color insert1
displays the fate of initial points in the complex plane, and comes from a
detailed examination of how Simpson’s formula (2.1) bounces points around
before aiming them at a root, if it ever does. The function is again f (z) = z√3 −
1, written now with a complex variable z. It sets its three roots, 1, − 12 + 23 i,
√
and − 12 − 23 i, symmetrically about the origin; their placement generates
1

The fractal images were created with the freeware program Fractint, available on
the internet.
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Fig. 2.2. Simpson’s method fails.

rotational symmetry of the whole ﬁgure about the origin, which is at the center
of the ﬁgure. The blue, green and aqua regions are the “attractor basins” for
each of the three roots. Each attractor basin consists of all the initial points
z0 for which Simpson’s method converges to a particular root. For instance,
the basin of attraction for the root 1 is shown in blue, i.e., it consists of those
initial points z0 in the complex plane whose iteration will eventually lead to
1. Note the self-similarity of the ﬂea-like blobs that repeat over and over in
diﬀerent sizes. The common boundary of the basins, consisting of those points
for which the algorithm doesn’t converge, is essentially invisible, but forms all
the geometric interest in the picture.
Only in 1981 did Stephen Smale (1932– ) prove that, in a probabilistic
sense, the algorithm almost always converges [216]. Even better, he showed
how to modify the algorithm to decrease the chances of a wrong answer or
nonconvergence, by as much as one desires, but not totally eliminate the
chances of bad behavior. The fractal pattern illustrates how diverse points
may converge unexpectedly to roots far away, and how points arbitrarily close
together may converge to roots far apart.
This chapter tells the story from antiquity to the present of how the
problem of ﬁnding roots of functions has been tackled by diverse cultures,
with their many diﬀerences in style, notation, method, and proof. Eight
episodes highlight certain aspects of such numerical analysis, exempliﬁed by
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the changing nature of algorithms and what each culture is willing to accept as numbers. These are snapshots of the art of coaxing numbers out of
apparently intractable problems, at least intractable for the time they were
posed.
Our episodes split naturally into two groups. The ﬁrst four are exact methods and meant only for polynomials of limited degree: the Rhind papyrus
of the Egyptians [35] written in hieroglyphics, Babylonian tablets [240] using the base 60, the work of the Persian ’Umar Khayyam (1044–1123/1124)
[191] invoking conic sections, and the book of the Italian Girolamo Cardano
(1501–1561) [31] employing a spatial version of the binomial theorem. Their
approaches vary considerably. Roughly, the ﬁrst is arithmetical; the second
algebraic; ’Umar is mainly geometrical; and Cardano is geometrical algebra.
But these classiﬁcations are slippery, and the beauty of going back to historical sources is to appreciate how ﬂuid these modern distinctions are in ancient
writing. Modern notation will help to explain them.
The last group starts with three algorithms that have much in common:
Qin Chiu-Shao’s (1202–1261) completion of powers [157] in Section 2, and
Isaac Newton’s (1642–1727) proportional method [178] in Section 3, culminating in Thomas Simpson’s (1710–1761) ﬂuxional method [214] in Section
4; it ends in Section 5 with Stephen Smale’s justiﬁcation [216] of Simpson’s
method, together with a ﬂourish of chaos theory, of which fractals, like that
generated by x3 − 1, are a special manifestation. Their techniques are numerical, proceeding by incremental adjustments towards a solution. They work for
polynomials of all degrees; in fact, the last two work for a wide range of arbitrary functions. All three algorithms have a similar modus operandi: linearize
to ﬁnd the next increment. But the linearization is done quite diﬀerently in
each, with the result that the rate of convergence is linear for Qin, quadratic
for Simpson, and somewhere in between for Newton. We present their unique
approaches in their own words.
As noted before, recorded attempts and successes at solving equations
stretch back almost four millennia. This is a story of false credit, dead ends
and surprise, such as the unsolvability by radicals of polynomial equations
of degree greater than four ([150, Chapter 5]). It is a long story, with too
many strands to relate them all; neglected are how to locate and isolate roots
within broad intervals before iteration begins, so as to ensure convergence
to the right root. It is a braided stream, twisting and turning unexpectedly,
with some rivulets drying up historically, such as the method of Qin, and
others gathering strength, eroding the banks of accepted notions of numbers,
and overﬂowing into new concepts of negative, imaginary and transcendental
numbers, such as Cardano’s confrontation with complex numbers.
It would be nice to claim that these episodes progress in an unbroken
chain of advancing mathematics. But so much of the historical record is missing that we can not support such a claim. Although historical connections
between the algorithms are tenuous, the reader should observe the generally
increasing sophistication of the arguments. Let us read these for the variety of
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methods and the diﬀerent styles of the various cultures. Numerical methods,
geometrical proofs, algebraic formulas and even the calculus all make their
entrances. Not all of the methods are purely one style; ’Umar’s and Cardano’s
are mixed.
As the reader already knows, solving an equation may be tricky. What
do we mean by a solution, and what is acceptable as a number: a whole
number, a fraction, a decimal expansion (ﬁnite or inﬁnite in extent), a closed
formula, or even a geometrical entity? This leads to the question, when do
algorithms force one into accepting new numbers? The gradual uncovering of
anomalous solutions, such as negative, irrational and complex, drove in turn
the evolution of the notion of number. Which leads to another question: how
does the nature of the algorithm and the existence of a solution depend on
what numbers are available? Conversely, what is a particular culture willing to
accept as a solution? The notion of number changes over time and the idea of
what we are doing also changes from solving verbal equations verbally through
displaying the roots as algebraic formulas to iterating increments calculated
from derivatives. There is much that we take for granted today that was murky
in the past. For this reason, the road to ﬁnding roots of functions by Simpson’s
ﬂuxional method is often cloudy and muddy (Exercise 2.2).
The mathematical techniques viable at a given time often determine the
nature of algorithms. Simpson could conceive of (2.1) only after the invention
of the calculus and the emergence of the notion of a function. The endpoints
of this story are a study in contrasts. Compare the photograph in Figure 2.3
of the Egyptian hieroglyphics for solving only linear equations to the ﬁrst
color fractal image illustrating the basins of attraction of Simpson’s ﬂuxional
method, applicable to all polynomials and most functions. One could not draw
this picture without the concept of complex numbers. In fact, one could not
create it without computers.
Linear Equations in Ancient Egypt. Let’s start with the simplest
equation: a linear equation, ax = b. It is easy to solve: just perform a division.
But this is easy only if one has the concept of a fraction, which the ancient
Egyptians did not. They found solving even linear equations to be a trial
[35]. They had ratios of two numbers but not fractions that represented single
numbers. What they did have were only unit fractions: fractions with 1 in
1
the numerator, such as 12 , 15 , or 17
, when expressed in modern notation. This
makes elementary arithmetic operations diﬃcult to perform. The result of
dividing one number by another had to be expressed as an integer plus a sum
of unit fractions.
Unit fractions would appear to be a natural step on the way from whole
numbers to numbers in between them. If one divides and it does not come out
even, one could add a small division of the unit interval, and then a smaller
one as necessary, and so on. For example, dividing 15 by 4 would give 3+ 12 + 14 .
We know about unit fractions from the Rhind papyrus (Figure 2.3), written
by a scribe about 1650 b.c.e. during the Hyksos domination of Egypt after
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the Middle Kingdom, and transcribed and translated into English by Chace,
Bull and Manning [35]. The scribe’s ﬁrst words are these.
∞∞∞∞∞∞∞∞
Accurate rendering. The entrance into the knowledge of all existing things and
all obscure secrets. This book was copied in the year 33, in the fourth month of
the inundation season, under the majesty of the king of Upper and Lower Egypt,
‘A-user-Rê‘, endowed with life, in likeness to writings of old made in the time of
the king of Upper and Lower Egypt, Ne-ma‘et-Rê‘. It is the scribe A‘h-mosè who
copies this writing.
∞∞∞∞∞∞∞∞

Fig. 2.3. From the Rhind mathematical papyrus; part of the division of 2 by 13 —
hieratic text, followed by its hieroglyphic transcription, and then its transliteration,
all reading from right to left.

We explain how some of the arithmetic operations were performed in ancient Egypt. To multiply two whole numbers, they would double the multiplicand repeatedly and then see which of the corresponding powers of 2 would
add up to the multiplier; they would add the corresponding multiples of the
multiplicand to get the product. For example, to calculate 11 times 13, start
doubling 13:
→ 1 times 13 is 13
→ 2 times 13 is 26
4 times 13 is 52
→ 8 times 13 is 104
We observe that 1 + 2 + 8 = 11 (those rows marked →), and so 13 + 26 + 104
must be 11 × 13, that is, 143. So one multiplies by repeated addition, without
needing to learn the multiplication table. Today, with the logic of modern
computers in view, we see that, in eﬀect, the multiplier is being expressed
in binary bits 1011 and the corresponding multiples of the multiplicand are
added.
How did a scribe divide and ﬁgure out the quotient as a sum of unit
fractions and integers? It was patterned after their method of multiplication
but considerably trickier, with an element of luck or skill, depending on how
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this algorithm will impress you. Let us try to divide 2 by 13. Instead of
successively multiplying by 2 as in the last example, one divides both sides of
the ratio 13 : 1 by successive powers of 2, obtaining these ratios:
13
6+
3+
→ 1+

1
2
1
4
1
2

+

1
8

:1
: 12
: 14
: 18

The ﬁrst line 13 : 1 means thirteen parts to the whole; or, in a contemporary
view, the right number is one-thirteenth of the left. So, if this ratio is preserved
by certain operations to follow, and as a result 2 could be found on the left,
then on the right would be our answer, merely two parts of the thirteen parts
to the whole, i.e., 2 ÷ 13. But the process is not straightforward. The general
idea of the algorithm is to ﬁnd fractional parts of 13 on the left that will add
up to 2; then the corresponding unit fractions on the right will sum to 2 ÷ 13.
The left side (1 + 12 + 18 = 1 58 ) has in the last line become less than 2, so all
we need to do is ﬁnd in some other way further unit fractions that will top it
out at 2. From experience the scribe would multiply the ratio 13 : 1 by 4 and
8 and invert, obtaining two more ratios that are still proportional to 13 : 1 :

→
→

13 : 1
1
1
4 : 52
1
1
8 : 104

Appropriate rows (those marked →) now sum on the left sides of the ratios
to 2:
1 1
1 1
1+ +
+ + = 2;
2 8
4 8
and so their corresponding unit fractions on the right must sum2 to 2 ÷ 13:
2 ÷ 13 =

1
1
1
+
+
.
8 52 104

Thus the Egyptians felt they knew what 2 ÷ 13 is only when they had
1
1
identiﬁed it as 18 + 52
+ 104
, whereas for us it is the reverse! Calculating other
quotients requires more insight, and probably some trial and error.
By playing with them, the reader will become fascinated with these archaic
unit fractions. In this spirit, at the end of this section, we pose exercises
about unit fractions, some of which A‘h-mosè probably never thought about
(Exercises 2.3, 2.4 and 2.5). There are even open problems; see [103, pp. 158–
166]. For those whose appetite has been whetted and who wish to learn more,
there is Peet’s [183] short but scholarly work on the Rhind papyrus, and more
2

In other words, by proportion of ratios, 13 is to 1 as 2 is to

1
104

+

1
52

+ 18 .
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generally there are Neugebauer’s [176] and van der Waerden’s [240] books on
ancient science. At roughly the same time and 1400 kilometers to the east,
more elaborate problems were being solved.
Quadratic Equations in Babylon. In the fertile valley of the Tigris
and Euphrates rivers, about 1700 b.c.e., during the reign of Hammurabi in the
ﬁrst Babylonian dynasty, a teacher, or perhaps a student—we don’t know—
impresses his stylus into wet clay, recording his solution to a geometrical
problem. But his solution is totally numerical: no diagram is ever drawn.
Typically such problems were couched in everyday language, such as dividing
money and ﬁnding people’s ages, suggesting that school boys wrote the clay
tablets as exercises. His method is revealed in a speciﬁc problem, using words
and numbers to solve it. Coeﬃcients are expressed as numbers rather than
letters. There was no symbolism for equations with literals as coeﬃcients: no
a, b, c, x, y, +, =, etc.; this had to wait until François Viète (1540–1603) in
1591 [241].
With hindsight, we glimpse fragments of the quadratic formula peeking
through the solution of a system of two equations in two unknowns. As the
Babylonians had a workable system of notation with the base 60, their algorithms were eﬀective, provided the coeﬃcients and the root were positive.
We will show how their “completing the square” was accomplished diﬀerently
than we would today, although the numerical calculations amount to the same.
Let us use some modern notation to understand the algorithm in our own
terms, even though this will leave open what the writer really had in mind.
Let l and w denote the length and width of a ﬁeld. The problem is to solve
the system3
lw + l − w = 183 and l + w = 27.
(2.2)
Without knowing their language, we may nevertheless recognize these
numbers as they appear on the clay tablet in Figure 2.4, copied by O. Neugebauer [176], and appearing also in B. L. van der Waerden [240]. At the beginning of line 6 the cuneiform for the number 183 occurs; it is in two groups,
each of three vertical stylus impressions, meaning 3 · 60 + 3, and illustrating
their use of the base 60. But it would be troublesome to have to express 27
as twenty-seven stylus marks, so each group of 10 marks is represented by
a horizontal mark. Thus, at the beginning of line 8 is the cuneiform for the
number 27 = 2 · 10 + 7. The remaining numbers developed by their algorithm
may also be recognized.
The author of the tablet tells us to add the equations in (2.2), and then
to add 2 to the second equation:
lw + 2l = 210 and l + w + 2 = 29.
One might solve for w in the second equation and substitute the result into the
ﬁrst, and then solve the resulting quadratic equation (Exercise 2.6). But the
3

These equations appear rather artiﬁcial since they violate dimensionality.
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Fig. 2.4. Top of cuneiform tablet AO8862.

Babylonians had a smoother way of proceeding, and did not need to remember
the quadratic formula. Noting that lw + 2l = l (w + 2), it seems reasonable to
introduce a new variable w = w + 2 so that the system would simplify to
lw = 210 and l + w = 29.

(2.3)

Such a system, with the product and sum being given, was standard for the
times, with a standard method of solution. To solve, still in modern language,
introduce the average α of the two variables, α = (l + w ) /2 = 14 12 , and also
the increment δ needed to get the unknowns back later on:
l = α + δ and w = α − δ.
So (α + δ) (α − δ) = lw = 210, and thus α2 −δ 2 = 210. Knowing α, one easily
gets δ and the solution. The writer appears to do just this by computing in
succession, with words and numbers but no symbols,
α2 =

14

1
2

2

1
= 210 ,
4

δ 2 ≡ α2 − 210 =

1
,
4

and so δ =

1
.
2

The writer then adds and subtracts to obtain the solution:
l = α + δ = 15, w = α − δ = 14, and w = w − 2 = 12.

(2.4)

More solutions are possible (Exercise 2.7).
Next we jump in distance 1200 kilometers further to the east to Persia
(now Iran) and in time about 2700 years later to solve all cubic equations
geometrically.
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‘Umar Khayyām Solves Cubic Equations by Intersecting Conic
Sections. Solving cubic equations is harder than solving quadratic equations, whether geometrically, graphically, by a formula, or iteratively by successive approximations. The ﬁrst exact method we present, due to ‘Umar al
Khayyām (1044–1123/24), ﬁnds a positive root geometrically at the intersection of two conics [191]. Although the Hellenic Greeks solved special cases
of cubic equations in this way, ‘Umar’s book is the ﬁrst systematic study of
all cubic equations. His nonnumerical method doesn’t lie in a direct path to
numerical solutions, a solution is a line segment; but it is an important counterpoint to the other methods, showing the variety of what it means to “solve”
an equation. It is also a signiﬁcant step in the development of algebra, and a
signiﬁcant contribution from Islamic civilization. This selection also illustrates
how algebra evolved in Persia, leading to its further development in Europe.
Abu’l Fath. ‘Umar ibn Ibrahı̄m al-Khayyāmı̄ was born in Nishapur, Persia. In his name, the phrase ‘ibn Ibrahı̄m’ means son of Abraham, and ‘al
Khayyāmı̄’ means the tent maker, not that ‘Umar was a tent maker but that
some of his predecessors probably were. His reputation as an astronomer and
mathematician and his notoriety as a philosopher and poet spread throughout
both the Islamic world and Europe. Today in the West, he is known simply
as Omar Khayyam, and remembered mainly for his Rubā’iyāt, a book of epigrammatic verse quatrains. To learn more about ‘Umar and his times, read
[190] and [191]. As a source for other contributions of Islamic civilization to
mathematics, the ﬁrst book is a good antidote to a Eurocentric view.
We read an excerpt from the work Risāla ﬁ-l-barāhı̄n ‘ala masā’il al-jabr
w’al muqābala (Treatise on Demonstrations of Problems of al-Jabr and al
Muqābala), written originally in Arabic. ‘Umar proves geometrically that a solution of a cubic equation can be found at the intersection of two conic sections.
In the spirit of his times he ﬁnds only positive solutions. To avoid negative
coeﬃcients he classiﬁes cubic equations into 16 species, one of which we look
at in detail. See [125] for more background. This translation comes from [247].
‘Umar starts with comments about the philosophy of algebra and geometry.
∞∞∞∞∞∞∞∞
One of the mathematical processes required in that branch of philosophy
known as mathematical is the art of al-jabr and al-muqābala, designed for the
extraction of numerical and areal unknowns, and there are kinds of it in which
you require very hard kinds of introductions, (and which are) impossible to solve
by most people who consider them.
∞∞∞∞∞∞∞∞
“Al-Jabr”, Arabic meaning literally “restoration”, and referring to the
transferring of a term from one side of an equation to the other, found its
way into Spanish, where it also means setting a broken bone. Into the nineteenth century in Spain, signs could still be found advertising “Algebrista
y Sangrador”: bone setter and blood letter. “Al-Muqābal” is the reduction
of both sides of an equation by the subtraction of equal quantities (i.e.,
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cancellation). “Numerical and areal unknowns” mean unknowns that represent one-dimensional numbers in linear equations or two-dimensional quantities in quadratic equations.
In the next paragraph, ‘Umar tells us what the reader should know beforehand. For the Elements see [111]; for the Data see [112, pp. 421–425]; for the
Conics see [110]. But he does not explicitly cite the propositions and theorems
taken from these sources. So some imagination will be needed to follow his
proof.
∞∞∞∞∞∞∞∞
It must be realized that this treatise cannot be understood except by one who
has mastered Euclid’s Elements and his book called the Data and two books of
Apollonius on the Conics, and anyone who does not know (any) one of these
three cannot understand (the present treatise).
..
.
And it is the single dimension, i.e., the root, which is in quantities; when
the side is taken with its square, we have the two dimensions which are the
surface; and the square in quantities is the square surface; then there are the
three dimensions which make the solid; and the solid cube in quantities is the solid
which is surrounded by six square faces; and as there is no other dimension, there
does not occur in them, i.e., quantities, the square of the square, nor anything
which comes above that.
∞∞∞∞∞∞∞∞
Four-dimensional space seemed impossible to ‘Umar to visualize, and hence
he dismisses equations of degree higher than three. Today mathematics and
physics routinely accept higher-dimensional spaces. See our curvature chapter
for Riemann’s resolution of this enigma.
He next tells how he intends to combine the four possible terms: “the
number, the thing, the square and cube,” meaning respectively the constant
term, the unknown, the square of the unknown, and its cube; in our modern
language, d, cx, bx2 and x3 . Note how the coeﬃcients are not explicitly mentioned; but implicitly they multiply the powers. The words “edge,” “thing,”
and “root” for the unknown are used somewhat interchangeably.
∞∞∞∞∞∞∞∞
The books of the algebraists contain, out of these four geometrical relations,
i.e., pure numbers, edges, squares, and cubes, three equations between the numbers, the edges, and squares. For our part, we shall mention the ways by which it
is possible to ﬁnd the unknown by equations involving the four powers; i.e., the
number, the thing, the square, and the cube: and beyond which, we said, none
(no power) could occur in quantities.
..
.

2.1 Introduction

95

The remaining six of the 12 kinds are: (a) cube plus root equal to a number,
(b) cube plus a number equal to a root, (c) a number plus root equal to cube,
(d) cube plus square equal to number, (e) cube plus a number equal to square,
(f) a number plus a square equal to a cube. There is nothing in their books about
these six kinds except a discourse on one of them, which is incomplete, and I shall
explain that one and prove it geometrically, but not algebraically. It is impossible
to prove these six except by the properties of conic sections.
∞∞∞∞∞∞∞∞
This paragraph of ‘Umar is one of several classifying all possible kinds
of polynomial equations in one unknown of degree no more than three. It is
necessary since negative numbers were not known. Each case must be treated
separately. On which side of the equation each term goes also determines which
conics are to be used. This tedium clearly blocks much further progress in
solving more general equations of higher degree or with two or more unknowns.
We will look at how ‘Umar solves case (a), which is x3 + cx = d in modern
algebraic language.
‘Umar thinks geometrically: the coeﬃcient c is thought of as an area,
namely a square with side AB in Figure 2.5. Similarly d is thought of as a
volume that is realized as a rectangular solid with sides of lengths AB, AB
and BG. For ‘Umar all terms of an equation must have the same dimension;
in this case, they must be three-dimensional solids.
His argument is couched entirely in words, except for pairs of letters representing segments, such as AB. To help ourselves understand him, we introduce letters for the coeﬃcients and the unknown and rephrase his words in
an intermediate language, whose use will become clearer as we proceed: • for
geometric multiplication such as an edge times an area yielding a solid, and
& for the addition of solids. Thus, in this language, “numbers, roots, squares

A

Square
(A′)

G

H

B

C

D

Z

Fig. 2.5. Intersection of two conics.
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and cube” mean respectively d, c • x, b • x • x and x • x • x, and the equation
to be solved becomes x • x • x & c • x = d.
We now turn to his verbal argument, paraphrased, reordered, and condensed a bit. The curve BDG is a semicircle with diameter BG. The curve
CBD is a parabola given by the square of DZ being equal to the product
of BZ by AB. The parameter for the parabola is put on the opposite side
of the equation from what
√ we would expect today: DZ • DZ = AB • BZ; in
modern notation: x2 = cy since c = AB • AB. This may be rewritten as
a proportion, AB : DZ :: DZ : HD. In any circle we have the well-known
proportion, BH : HD :: HD : HG. (For a review of proportions see Exercises
2.8 and 2.9.)
These two proportions combine, together with the equality of DZ with
BH, to give the catenated proportion
AB : BH :: BH : HD :: HD : HG.
Next, does ‘Umar have in mind a proposition telling him that proportions are
transitive and may be multiplied edgewise (the ﬁrst ratio by itself and then
the second ratio by the third)? If so, his next step is justiﬁed:
AB • AB : BH • BH :: BH • HD : HD • HG.
If a further proposition allows him to cancel HD in the last ratio, then equivalently he may write
AB • AB • HG = BH • BH • BH.
Interchanging sides and adding the solid AB • AB • BH to each yields the
desired equation:
BH • BH • BH & AB • AB • BH = AB • AB • HG & AB • AB • BH
= AB • AB • BG.
Since AB • AB • BG = d, this shows that BH is the solution x in x3 + cx = d.
It is signiﬁcant that the solution is a line segment and not a number.
Today we might reply, so what? Why not just measure the segment? We easily
identify the line segment, a geometrical entity, with its length, a number. But
this was not always so, certainly not with the classical Greeks. We are left
with the question, what is acceptable as a solution (Exercises 2.10 and 2.11)?
Another Persian mathematician went further than ‘Umar in studying cubic
equations. Sharaf al-Din al T
. ūsı̄ (d. 1213) found simple algebraic conditions
that predicted in each case the number of positive solutions [133, pp. 262–263].
Cardano Solves Cubic Equations by Extracting Roots. We break
chronological order by placing the selection of Cardano before that of Qin.
Cardano’s solving of cubic equations is the last of the exact methods that we
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study for solving polynomial equations; and Qin is the ﬁrst of a sequence of
approximate methods.
Girolamo Cardano—born in 1501 in Pavia, south of Milan, and died in
1576 in Rome—wrote his ground-breaking work, The Great Art, or the Rules
of Algebra [31], in 1545, within two years of the great Renaissance works of
Nicolaus Copernicus and Andreas Vesalius. Cardano was a typical polymath
of the time: he also wrote books about medicine, astronomy and philosophy
as well as additional volumes on mathematics. He did not wholly originate
the methods often attributed to him for solving cubic equations; key ideas
were due to Scipione del Ferro and Niccolò Tartaglia; and Lodovico Ferrari
discovered how to solve biquadratic equations. A priority dispute over solving
cubic equations led to a mathematical duel [133, p. 361]. We leave it to the
reader to delve into the acrimony surrounding this controversial episode in
the history of mathematics.
Like ‘Umar of the previous section, Cardano split his solution of cubic
equations into cases, solving them all, whereas their predecessors solved only
special cases. At this time, cases were necessary, since only positive numbers,

Photo 2.2. Cardano.
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representing lengths of line segments, were true numbers; hence, coeﬃcients
had to be juggled from side to side so that no negatives occur. Also, both their
approaches were geometrical. Cardano reduces the problem to determining
two line segments whose diﬀerence in length is the desired root. This method
relies on a geometrical version of the binomial theorem. Unlike ‘Umar, who
solved cubic equations by intersecting conics, Cardano thinks in terms of
rectilinear solids. He presents the ﬁrst part of his proof geometrically for a
speciﬁc cubic equation with integral coeﬃcients.
Cardano then translates his geometrical construction into an algebraic algorithm, expressed in words, the essential features of which persist to this
day. This tells how to ﬁnd these two lengths. It is the basis of our modern
formula for solving cubic equations exactly as the diﬀerence of two cube roots
of expressions in square roots and the coeﬃcients of the polynomial. However,
Cardano did not express his algorithm in modern symbols, which he did not
have. His algorithm forced him to confront negative, algebraic and imaginary
numbers, thus pushing the evolution of new number systems. In case there
are three real roots, his algorithm produces complex numbers inside the cube
roots, although the ﬁnal answers will be real [133, pp. 366–367]! In summary,
Cardano’s contribution was to solve all cases by providing needed reductions
from unknown cases to known cases, to write up and systematize the presentation, and to puzzle over the nature of the solutions he obtained. We
present one of his cases here; another is to be found in [150, pp. 224–232].
This translation is taken from [232, pp. 63–67].
Cardano entitles his Chapter XI Concerning a Cube and “Things” Equal
to a Number, and poses this case as a problem.
∞∞∞∞∞∞∞∞
For example, let the cube of AB and six times the side AB be equal to twenty.
∞∞∞∞∞∞∞∞
Thus he is going to illustrate the case of a cubic term plus a linear term
equal to a constant by solving this speciﬁc equation, which is also the case
we saw ‘Umar solve. As in the ‘Umar selection, all terms must match up
dimensionally and are volumes in this equation; so the number 6 is really an
area and 20 a volume. We succinctly summarize his sentences by geometrical
equations, as we did with ‘Umar. In this ad hoc language, where now AB 3
means AB • AB • AB, Cardano announces that he is going to solve:
3

(AB) + 6 • AB = 20
for the length AB.
There are three parts to this exposition. The ﬁrst part is a demonstration,
and it starts out by assuming that there are line segments AC and BC whose
cubes diﬀer by 20 and whose product is a third of 6. This demonstration proves
that, given AC and BC, their diﬀerence AB is the solution. The second part
is the rule, which summarizes the algorithm. The third part, which should
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Fig. 2.6. Geometrical binomial.

connect the algorithm to the demonstration, is missing. That is, we need to
know how to ﬁnd AC and BC that satisfy these two conditions.
Cardano ﬁrst assumes, in the demonstration, that there are two cubes, one
smaller than the other, with sides of length AC and BC such that
AC 3 − BC 3 = 20,
AC • BC = 2,
and then proves that their diﬀerence, AB = AC − BC, is the solution of
AB 3 + 6 • AB = 20.
His proof is geometrical, relying on moving around the eight fundamental
solids that together form the cube in Figure 2.6, which extends Cardano’s
original two-dimensional picture into three dimensions, as he seems to imply
it should be. These solids are of four kinds: a small cube in the forefront, with
a side BC; a larger cube, somewhat hidden down in the back, with sides of
length AB; a ﬂat slab with a square base of size AB 2 and a side of width
BC—there are three of these; and a beam with a square cross section, like a
stick of butter, with a cross section of size BC 2 and a side of length AB—
also three of these. This decomposition of the cube into eight parts expresses
geometrically in three dimensions the binomial theorem, which the Indians
and the Chinese knew earlier [125]:
AC 3 = AB 3 + 3AB 2 • BC + 3AB • BC 2 + BC 3 .

(2.5)

But the cube can be viewed another way. There is a larger slab with sides
whose lengths are AB, AC and BC, combining one of the previous slabs with
one of the beams. Looking closely within the ﬁgure we see that there are three
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of these larger slabs that can be arranged to exhaust the whole volume, except
for the two cubes. Thus, the binomial theorem becomes
AC 3 = AB 3 + 3AB • AC • BC + BC 3 .

(2.6)

Alternatively, the middle two terms on the right of (2.5) have merged into the
middle term of (2.6); in modern notation,
3x2 y + 3xy 2 = 3xy (x + y) ,
where x + y = AC. By assumption AC • BC = 2, and hence (2.6) becomes
AC 3 − BC 3 = AB 3 + 3AB • 2.
Therefore,
AB 3 + 6 • AB = AC 3 − BC 3 = 20,
and this allows us to conclude that AB is the root.
The language of this proof, halfway between geometry and algebra, ﬁnessed
much of Cardano’s original proof, which is much longer. Part of what makes his
proof so tedious is the need to think positively, meaning that negative numbers
are lacking, which is understandable since everything is really a geometrical
entity. So it is a major undertaking to transfer a term from one side of an
equation to the other by changing signs. In short, modern algebra has allowed
us to sidestep these diﬃculties.
After this proof, Cardano states his rule for solving this class of cubic
equations. We quote it to give a ﬂavor of his style, and leave its veriﬁcation
to Exercises 2.12 and 2.13.
∞∞∞∞∞∞∞∞
Cube the third part of the number of “things,” to which you add the square
of half the number of the equation, and take the root of the whole, that is, the
square root, which you will use, in the one case adding the half of the number
which you just multiplied by itself, in the other case subtracting the same half,
and you will have a “binomial” and “apotome” respectively; then subtract the
cube root of the apotome from the cube root of the binomial and the remainder
from this is the value of the “thing.”
∞∞∞∞∞∞∞∞
While it is exact, Cardano’s method is also numerical; these two words
are not antonyms. When asked to solve a cubic today, the computer package
Maple apparently uses Cardano’s formula to ﬁnd the exact answer in terms of
radicals; numerical evaluation of these then gives decimal numbers (Exercise
2.14). Until recently the formula was thought impractical; it is now a mainstay
of computer algebra.
Cardano’s rule produces only one root, whereas today we always expect
three roots, real or complex, providing we count multiplicities. Exercises 2.15–
2.19 explore this aspect of root ﬁnding. Exercise 2.20 relates Cardano’s method
to Euclidean constructions and Exercise 2.21 to three-dimensional perspective.
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Ludovico Ferrari (1522–1565), a student of Cardano, discovered how to ﬁnd
the roots of fourth-degree polynomials. He related this to Cardano’s work by
cleverly deriving from any fourth-degree polynomial a third-degree polynomial whose roots would lead to the roots of the original equation. The result
involves square roots of expressions involving cube roots of expressions with
even more square roots. Cardano explains this method in Chapter 39 of [31].
See [150, p. 211] for a fuller account. After Cardano wrote his book, Viète
[241] introduced letters for unknowns, extending the use already of letters for
coeﬃcients; this makes life much easier.
After these achievements, the race was on to solve ﬁfth-degree polynomials
exactly by formulas, perhaps invoking ﬁfth roots. But there were no winners.
So the problem was rephrased: can one write the roots of any polynomial as
formulas in the coeﬃcients using radicals? The celebrated answer is no. In
1826, Niels Henrik Abel (1802–1829) proved the impossibility of solving ﬁfthdegree polynomials in this way. Evariste Galois (1811–1832) [79] developed
a general theory that permutes the roots of a polynomial to explain why
certain polynomials are solvable in this fashion and others are not. See [77]
for a leisurely, do-it-yourself introduction to Galois theory.
From exact methods we turn now to approximate methods. The terms “exact” and “approximate” are relative to what operations are allowable; even
the so-called exact methods need square and cube roots, which in general can
only be approximated. The subsequent sections discuss a variety of iterative
numerical methods applicable to ﬁnding nth roots, roots of polynomials, and
eventually roots of rather arbitrary functions. Iterative means that, starting
with an initial guess or two, a sequence of numbers is generated, each number
calculated from previous values by some recipe. This sequence of approximations should converge to the solution. We divide the approximate methods
into two camps: those where one digit at a time is determined at each stage
of an algorithm, and those where two or more digits are determined. Often
in the latter case, the number of digits determined in later stages increases,
sometimes dramatically. Qin’s method is in the former camp. Newton’s and
Simpson’s are in the latter and came later.
The method of Qin Jiu-Shao (1202?–1261?), which we present from original
source material in the next section, may have been discovered by accident.
For example, to ﬁnd the square root of 2 from observing that the root is
2
2
between 1 and 2, compare (1.5) with 2, and then ﬁnd (1.4) , and so on by
trial and error to 1.41 . . . . Doing these calculations by hand reveals many
repeated operations, at least for most of the interior multiplications. This
leads to completing squares by performing only those new products needed at
each step. In this way one would be led to the method of calculating square
roots as a variant of long division. It is a short step to calculating cube roots
similarly, and so on to higher roots. Putting all powers together would lead
to Qin’s algorithm, which he illustrates with a fourth-degree polynomial.
Qin’s method [157] can approximate a real root of a real polynomial of
any degree as accurately as needed. Its strength is its applicability to all
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polynomials, and its weakness is its uncertainty in readily determining the
next digit. It is based on laying out the coeﬃcients in a tableau in which the
coeﬃcients are manipulated to produce successively the digits of the answer,
one by one. The discovery of numerical methods depends on having a good
number system, which means having place values, a zero, and a marker to
separate the integer part of a number from its fractional part. All this the
Chinese had for the base 10.
A much more compact form of Qin’s tableaus is the so-called Ruﬃni–
Horner method. It was discovered, probably independently, by an Italian
physician, Paolo Ruﬃni (1765–1822), and an Englishman, Theophilus Holdred, in 1820. William G. Horner (1786?–1837) was anticipated by Holdred
[76]. This method is the same as Qin’s, though with diﬀerences in layout
that make it easier to explain. Several others in Europe discovered closely
related algorithms earlier: Leonardo of Pisa, a.k.a. Fibonacci (c. 1180–1250)
and François Viète (1540–1603) [18].
Isaac Newton (1642–1727) described a variety of iterative techniques for
ﬁnding roots, mostly of polynomials, no method of which uses a derivative.
In the third section, we will read his proportional method from his “Waste
Book,” which is what Newton called a book in which he entered some of
his early mathematical ideas. These were published only long after his death
and mostly since 1965. That his throwaways are thought worthy of preservation and study attests to Newton’s greatness. Our selection is not “Newton’s
method” as we know it today, with a derivative giving the tangent, but rather
a secant method, invoking only proportionality to get closer to the root. Thus
we call it Newton’s proportional method. It extrapolates new digits from estimates of the root already made. In modern language, it is based on linearizing
the function locally. Newton explains his method with proportional parts in
the context of a speciﬁc polynomial, with few formulas given and neither
geometry nor calculus. It can nevertheless easily be rewritten strictly algebraically. If the secant is replaced by the tangent and its slope is found from
the derivative, then this evolution is the formula found today in most textbooks. This latter we will call Simpson’s ﬂuxional method, for what is usually
and erroneously called “Newton’s method.” In a sense, Newton’s proportional
method anticipates Simpson’s, but it has a slower rate of convergence, as we
shall see in the last section.
Without any references to prior work of others, Thomas Simpson (1710–
1761) succinctly describes in words his algorithm for one function of one variable, and then goes on to systems of two functions in two unknowns [214].
He illustrates his method with ﬁve examples, but other than these, he gives
neither justiﬁcation for his method nor further explanation of how he arrived at it. This algorithm opened our introduction. It is the culmination of
many algorithms in this chapter, and will be studied in detail in the fourth
section.
In the last section we will justify and compare these various algorithms.
Simpson’s ﬂuxional method belongs to a large class of numerical root ﬁnders

2.1 Introduction

103

called ﬁxed-point methods. These will give deeper insight into why his method
works.
Late in the eighteenth century, Joseph-Louis Lagrange (1736–1813) recognized two main strands in the studies of those who wished to ﬁnd roots
of equations. One strand is the theoretical, the other is the practical. On
the former, he published his ﬁndings about the theoretical existence of roots
and their nature as numbers in Réﬂexions sur la Résolution Algébrique des
Equations (Reﬂections on the Algebraic Solution of Equations) [142] [150, pp.
233–247], which later led Evariste Galois (1811–1832) to explain why some
polynomials have roots expressible in radicals and most others do not. On the
latter, in his book Traité de la Résolution des Équations Numériques de Tous
les Degrés (Treatise on the Solution of Numerical Equations of All Degrees)
[143], published in 1798 and based on two long articles appearing in 1769 and
1770, he explores the many ways to actually ﬁnd the roots numerically. In
particular, Lagrange developed a general systematic algorithm for detecting,
isolating and approximating, with arbitrary precision, all real and complex
roots of a polynomial with real coeﬃcients [152]. His algorithm always converges. Florian Cajori [29, p. 215] has this to say about it.
With the publication of Lagrange’s great book of 1798, containing his
own rich researches and a critical summary of the work of other investigators, a brilliant period in the history of the theory of equations is
drawing to its close. Seventeenth and eighteenth century mathematicians have grappled with the problem of the solution of numerical
equations, wrestled with it, overcome and exhausted it for the time
being. The great problems have found a solution.
Well, that is not quite true. Unlike Lagrange’s algorithm, Simpson’s ﬂuxional method applies to not only polynomials but transcendental functions
as well. Although highly successful in practice, Simpson’s lacked a theoretical
basis: did it converge, and if so, how fast? There are two kinds of convergence:
local and global. Local convergence says that there is a neighborhood of a
root, starting in which the algorithm always converges to that root. Global
convergence means that from any starting point the algorithm converges to
some root.
The proof of local convergence of Simpson’s method is fairly easy, and
from it readily comes a proof of its quadratic rate of convergence. Roughly,
quadratic convergence doubles the number of signiﬁcant digits with each iteration. These notions will be deﬁned more precisely in the last section of this
chapter.
But global convergence is not guaranteed. One likes to assume that the
sequence coming out of Simpson’s ﬂuxional method converges to a root. Despite some easily constructed counterexamples exhibiting bizarre behavior,
this method does seem to converge in practice. This anomaly was not explained until Stephen Smale (1930–) proved that for polynomials it can be
made to converge with as large a probability as desired [216]. Although Smale’s
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theorem guarantees convergence almost everywhere, i.e., for almost all starting values, it does not give information as to which starting points converge
to which roots. In general this is rather complicated, and leads to beautiful
fractal patterns such as those on the color insert.
We close this chapter by pursuing such questions as, why does a particular
algorithm work, how well does it work, and what may go wrong? Does the
algorithm always ﬁnd a root; does it converge to the desired root and not some
other? How fast does it do so, and how does its rate of convergence compare
with that of other root-ﬁnders? And globally, how do the answers to these
questions depend on the initial guess?
Today we can look back at these methods and see that many can be explained by expanding the function in a Taylor series, by next neglecting all
terms after the linear, and then by approximating the derivative in the ﬁrst
term by a simple rule in order to compute the correction. For example, in Newton’s proportional method, what amounts to a secant is used to approximate
the derivative. In Simpson’s ﬂuxional rule the derivative is used exactly, which
amounts to the tangent. Qin, al-T
. ūsı̄ and Horner ﬁnd the nearest “digit” that
would give the smallest positive remainder. In a related method of Viète the
remainder could be negative. For Newton and others, the correction may have
more than one digit. Historically these possibilities were discovered one by one
over a long period of time.
Some algorithms, such as Newton’s proportional method, were ﬁrst stated
for polynomials, since this is how people ﬁrst thought of functions, but subsequently they were applied more generally. On the other hand, some, such
as Qin’s, al-T
. ūsı̄’s, and some other algorithms of Newton, are inherently conﬁned to polynomials. For these methods we can further distinguish those that
create a new polynomial by translating the argument, P1 (x) = P0 (r + x),
such as Qin and Horner–Ruﬃni, and those that only retain the remainder by
completing all partial powers as we proceed, such as taking square roots and
al-T.ūsı̄’s method.
These features just outlined may be combined in many diﬀerent ways to
create all sorts of new algorithms. And historically this is what happened. In
fact, Newton himself sketched at least a half dozen diﬀerent algorithms. For
this reason, one could justify calling all these “Newton’s method,” but then
he would certainly not be the ﬁrst to have discovered it.
Whereas most chapters of this book seek out great theorems in their original settings, in this chapter we seek out great algorithms—methods of solving
equations—in their original settings. Perhaps great nontheorems would be a
better way to describe them. While reading them, the reader should keep in
mind the historical and conceptual progression of new ideas and inventions.
For example, without an electronic computer, a pocket calculator, a desk calculator,
√ a slide rule, or even a table of logarithms, ﬁnding a numerical value
for 5 17 is nontrivial.
We must make a caveat about terms we use, such as equation, positive
number, base, etc. These are relatively modern terms that did not exist in
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many of the periods we are writing about. Note the misnomer “equation” for
early problems like duplicating the cube. Historically, terminology comes into
existence only if there is a need for contrasting terms, as for example positive
and negative. Although anachronistic, we must use them to be able to describe
succinctly what was done.
To keep this chapter to a reasonable length, we restrict our attention
largely to single equations in one unknown; for the most part we do not
tackle either systems of equations or diﬀerential equations. Even so, the explanations are diverse. The reader should observe the many diﬀerent ways in
which mathematical ideas are conveyed. Some are verbal, others geometrical,
many numerical, and eventually algebraic with the calculus. In reading the
selections, be sure to contrast them with each other, in both logic and style.
Enjoy their diversity.
Exercise 2.1. The point of this problem is to ﬁnd bad starts deliberately.
For parts (a) and (b) use the polynomial, p (x) = x3 − 3x. You may need a
computer programmed with an algebra package.
(a) Find a starting guess x0 such that Simpson’s ﬂuxional method cycles with
a period of 2, that is, x2 = x0 but x1 = x0 .
(b) Find a starting guess x0 such that Simpson’s ﬂuxional method cycles with
a period of 3, that is, x3 = x0 but x1 = x0 . Is this possible when x0 is real?
When x0 is complex?
(c) Give an example of a speciﬁc function that has some zeros such that
Simpson’s ﬂuxional method yields an increasing sequence of iterates, x0 <
x1 < x2 < · · · , such that limn→∞ xn = ∞. (Hint: Try cos x.)
Exercise 2.2. What is a number to you, and what should it be to be useful?
A positive integer, a fraction, a ﬁnite decimal, . . . , a complex number, . . . ?
(Cf. [45].)
Exercise 2.3. Can any positive real number be expressed as the sum (possibly inﬁnite) of an integer and decreasing unit fractions? Do this: given its
fractional part r between 0 and 1 subtract from it the largest unit fraction
not exceeding it. With the remainder continue to subtract unit fractions as
large as possible. Try representing π and e this way. This is called the greedy
algorithm. Does it always converge to r? Why? (Hint: For this, one needs to
know the δ–ε theory of convergence.)
Exercise 2.4. Prove that for any positive real number r the greedy algorithm
of the preceding exercise terminates in a ﬁnite number of iterations if and only
if r is rational. (Hint: Show that the numerators in the algorithm decrease if
r is rational.)
Exercise 2.5. Most years consist of 365 days; every fourth year is a leap year,
containing an extra day, except not every century, etc. Look up the complete
list of these exceptions. What does this have to do with unit fractions? Find
out the exact number of days in a year (this is not a whole number), and then
use a sum of positive and unit fractions to approximate this. Write up your
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answers as though you were an Egyptian scribe proposing a new calendar with
rules for leap years, perhaps with better subdivisions into months of maybe
new lengths.
Exercise 2.6. Solve for one variable, l or w , in one equation of (2.3) and
substitute it into the other equation. Solve this quadratic equation to verify
(2.4) in another way. How close is this method to that of the Babylonians?
Exercise 2.7. Only the positive square root of δ 2 appears in (2.4). What
happens when the negative root is used, and why wasn’t it?
Exercise 2.8. Classical Greeks did not deal with equations and fractions,
but rather with proportions, a : b :: c : d. The proportion a : b :: c : d consists
of two ratios and is to be read “a is to b as c is to d,” sounding like something on an intelligence test. It is not clear from reading Euclid what exactly
is meant by this [75]. Geometrically, a and b would have the same dimension, and similarly c and d. Today, for numbers, we would write this proportion as ab = dc , but appreciate that fractions are a relatively new invention.
To work with proportions, formulate various properties such as the laws of
interchange,
if a : b :: c : d, then a : c :: b : d,
and cancellation,
if a : b :: c : d and a = b, then c = d.
Prove these two laws. Be a detective and formulate more propositions of a
Euclidean nature that would back up ‘Umar’s argument in his own terms.
For example, prove that proportions are transitive, meaning that the middle ratios of catenated proportions may be omitted; and prove that proportions are multiplicative, meaning that two proportions may be multiplied
termwise.
Exercise 2.9. Solving mean proportions posed a challenge to the classical
Greeks. Mean means that some of the interior quantities are the same.
(a) Realize that solving the mean proportion a : x :: x : b for x is equivalent
to solving x2 = ab; that is, geometrically it amounts to ﬁnding a square equal
in area to a given rectangle. In other words, x is the geometrical mean of a
and b. Review and brieﬂy describe how Euclid found square roots.
(b) Next consider two mean proportions that are catenated: a : x :: x : y ::
y : b. Rediscover by algebra that solving this for x and y is equivalent to
ﬁnding the intersection of any two of the conic sections, x2 = ay, xy = ab,
and y 2 = bx. This result goes back to Menaechmus [118, p. 100] as related
by Eutocius. Further show that this is equivalent to solving the equations
x3 = a2 b and y 3 = ab2 . Thus, being able to solve two mean proportions is
equivalent to the ability to ﬁnd cube roots. In particular, one can duplicate
the cube, that is, solve x3 = 2.
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Exercise 2.10. Solve the equation x3 + 6x = 20 by ‘Umar’s method. Just
what does it mean to solve this equation? (Hint: Actually draw the circle and
parabola for this equation, perhaps on graph paper, or with a computer. One
way or another, ﬁnd the coordinates of their point of intersection, perhaps by
direct measurement.) Would ’Umar have done this, or much less the Greeks of
antiquity? Compare this with Cardano’s solution, given after ’Umar’s method.
Exercise 2.11. Show that the roots of any cubic polynomial x3 + ax2 + bx +
c may be found at the intersections of a parabola and a hyperbola. (Hint:
Introduce the variable y, related to x by the equation y = x2 , to reduce
the original polynomial to second degree in two variables. Write this as a
hyperbola x y = C, where x = x + a and y = y + b.) By graphing these curves,
ﬁnd the positive root of Cardano’s cubic x3 + 6x = 20. Cf. Exercise 2.10.
Exercise 2.12. Today people talk about “Cardano’s formula” for solving
cubic equations, although del Ferro discovered it and Cardano only gave an
algorithm, not a formula; it was too early in the history of algebra for that.
Nevertheless, from Cardano’s rule one can readily derive it. Rewrite his equation in modern notation as x3 + px = q. Introduce variables u and v as his
lengths AC and BC, which should satisfy u3 − v 3 = q and 3uv = p. Introduce
as well
 q 2  p 3
Δ≡
+
.
2
3
√
√
Show that u3 = (q/2) + Δ and v 3 = − (q/2) + Δ. Prove that u − v is a
solution x. Relate to the geometry by showing that px is the volume of three
rectangular slabs, 3AB • BC • AC. Also geometrically, what are x3 and q, and
how do these pieces ﬁt together in Figure 2.6?
Exercise 2.13. (a) Fill out the third part of the exposition that Cardano
leaves out. This should connect his demonstration to his rule. From the deﬁning equations,
AC 3 − BC 3 = 20 and AC • BC = 2,
cube each term in the second. Solve as the Babylonians might have done if they
had ever considered cubic equations and negative numbers; that is, introduce
a new variable δ that is the average of AC 3 and BC 3 ; thus AC 3 = δ + 10 and
BC 3 = δ − 10. Substitute and solve for δ. End with a radical expression that
should be a literal interpretation of Cardano’s rule.
(b) Why did Cardano leave (a) out? Could he have done in his language what
we just did? After all, (a) amounts to taking cube roots of square roots, a
six-dimensional entity. Compare with Exercise 2.12, where the discriminant
Δ would be six-dimensional by Cardano’s thinking.
Exercise 2.14. Obviously 2 is a solution of Cardano’s equation. How did we
miss this, or did we? Use a pocket calculator to ﬁnd a decimal value for this
root from his expressions.√Surprise! To verify
this answer exactly and clarify
√
your observation, rewrite 108 + 10 as 6 3 + 10 and ﬁnd an exact cube root
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√
√
of it in the form m 3 √
+ n, where m and n are integers. That is, cube m 3 + n
and compare it with 6 3+10. (Cardano knew that his complicated expression
reduced to 2; see [31, p. 100].)
Exercise 2.15. Aren’t there supposed to be three roots to any cubic, counting
multiple roots? Find the other two complex roots of Cardano’s equation. (Hint:
Factor out a linear term using the root you found in Exercise 2.14. This will
yield a quadratic polynomial as the other factor, which you can easily solve.)
Check your answers directly in Cardano’s equation.
Exercise 2.16. (a) Use the formula of Exercise 2.12 to ﬁnd a root of the
equation x3 = 15x + 4, studied by both Cardano and Bombelli. (Hint: try
simplifying the cube roots as you did in Exercise 2.14; now u3 will be complex,
so ﬁnd its cube root as a complex number m + in.) Then factor out a linear
term, get a quadratic equation, and solve it to ﬁnd the other two roots. Graph
the intersection of the curves, y = x3 and y = 15x + 4, to see how these roots
come about.
(b) In general, the other two roots, besides u − v, are often given as
v − u u + v√
−3,
+
2
2

v − u u + v√
−3.
−
2
2

Verify that these are solutions. (Hint: to simplify, rewrite√these roots as linear
√
combinations of complex cube roots of unity: ω ≡ − 12 + i 23 , ω 2 ≡ − 12 − i 23 .)
(c) Use (b) to ﬁnd all the roots of (a).
(d) Solve the equation x3 = x in two ways: ﬁrst by factoring, and then by the
formulas of (b). Do you see how to obtain all three roots by both methods?
As you might expect from Exercise 2.16, the formulas of Exercise 2.12 work
for all cubic polynomials of the form x3 + px = q, regardless of whether p and
q are positive or negative, rational or irrational, or even whether they are real
or complex. This shows the power of algebra over geometry. Nevertheless,
geometry gives us insights that strictly algebraic methods may conceal.
Exercise 2.17. The shapes of real cubic polynomials are rather limited.
(a) Prove that any real cubic, y = x3 + bx2 + cx + d, has at least one real root
and exactly one point of inﬂection.
(b) Move this point of inﬂection to the origin by translating both variables.
Thus solving the cubic is reduced to solving the system y = x3 +px and y = q,
which is essentially the form of Cardano, except that now p and q may be any
real numbers.
Exercise 2.18. With Exercise 2.17, we are poised to prove the criterion for
the nature of the real roots of a real cubic. Here Δ comes from Exercise 2.12;
it is called the discriminant for obvious reasons.
If Δ > 0, then the cubic has one real root and two conjugate imaginary roots.
If Δ = 0, then the cubic has three real roots of which at least two are equal.
If Δ < 0, then the cubic has three distinct real roots.
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To prove this, ﬁnd the relative maximum and minimum of the cubic curve
of Exercise 2.17b, if they exist. Show that we get the three cases above according to whether q is between the maximum and minimum, at one of these,
or beyond them. Which case encompasses the situation in which there are no
maximum and minimum? Draw graphs to illustrate the various possibilities.
Exercise 2.19. (a) In the third case of Exercise 2.18, when there are three
distinct real roots, one can work around complex numbers by the following
2
device. Since Δ < 0, show that p < 0 and 0 ≤ − 27q
3 < 1, and hence there must
4p

3q
be an angle θ such that cos 3θ = − 2p
− p3 . One may assume that 0 < θ < π3 ;
verify the reasonableness of this assumption. Using the triple-angle formula
for cosine, prove that the roots are



2π
4π
p
p
p
2 − cos θ,
2 − cos θ +
,
2 − cos θ +
.
3
3
3
3
3
(In these formulas always take positive square roots.) Complete this program
by trigonometry or through the complex plane.
Method 1. The equation x3 + px = q may be transformed into the equation
4y 3 − 3y = r by setting x = ky and choosing k appropriately. Find k. The
point of the expression 4y 3 − 3y is that 4 cos3 θ − 3 cos θ = cos 3θ; hence, by
setting y = cos θ, we obtain cos 3θ = r. If we are given r, then we may ﬁnd
an angle θ such that arccos r = 3θ. Trisection of this angle gives us the three
solutions above.
Method 2. Plot u3 , v 3 and −v 3 in the complex plane, and then u, v and u − v.
To take the cube root of a complex number, one must ﬁnd the real cube root
of its modulus and divide its argument by 3. Show that the cosine of the
argument of u3 is just the cos 3θ of Method 1. Also show that there is really
no cube root to compute, at least numerically, although there is still a square
root left.
(b) In this way solve again the equations of Exercise 2.16.
Exercise 2.20. Gathering together the results of previous exercises, prove,
within the context of Euclidean geometry, that every real cubic equation is
solvable for its real roots if, and only if, one has a way of ﬁnding cube roots
of positive numbers and a way of trisecting angles. By trisecting angles we do
not mean dividing θ by 3, which is trivial, by rather we mean passing from an
angle given geometrically to an angle a third its size. More precisely, if Δ ≥ 0,
then only a cube rooter need be added to the classical tools of straightedge
and compass; and if Δ < 0, then only an angle trisector need be added.
Exercise 2.21. The annotations suppose that Cardano had in mind a threedimensional picture (Figure 2). If so, why did he not draw it? After all, artists
were now using perspective in their paintings. In fact, when was drawing in
perspective discovered, and by whom? (Hint: See [133, p. 389].)

