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Solving problems from biology and medicine is a new driving force for
mathematics in our time. It not only requires us to develop new mathematical
tools based on classical applied mathematics such as PDEs/ODEs and stochastic
processes and fluid dynamics, but also involves other mathematics such as topology
and differential geometry and algebras, and inspires us to define new mathematical
concepts. As a well-educated mathematician working in applied area, I have
found new PDE free boundary problems and ODE problems in tumor
growth and stem cell regulation, and developed new analysis and computational
tools to answer related biological and medical questions. I have also defined new
mathematical concepts such as evolution algebras and multi-person random
walks on graphs inspired by genetics and coalescent theory while I studied and
conducted some research in topology. In what follows, I will sketch my research
accomplishments.

Cancer is still a leading cause of death in the world, yet much is still
unknown about its mechanism of establishment and destruction. Understanding
this mechanism has become one of my major professional interest since I was a
postdoctoral fellow, and since then it motivates all my studies including stem cell
regulation modeling. Disease ecology has also been one of my research interests.
Disease ecology has deep connections with tumor growth in both biology and
mathematical formulation. Instead of focusing on mathematics, I will outline my
research according to the following biological topics.

1. Brain tumor growth with therapies (PDEs/ODEs, statistics)

2. Research in disease ecology (PDEs/ODEs)

3. Study of stem cell regulation (PDEs/ODEs)

4. New mathematical concepts from biology and my past research in topology

1. Brain tumor growth with therapies: Collaborating with colleagues and
students, I have published 12 research papers related to brain tumors: [3] to [14] ([n]
means number n of Papers listed in my CV). We also have a research monograph
Mathematical Oncology [34] under review.

Glioma is the most serious of malignant brain tumors. In order to improve the
efficacy of therapies, we have to understand tumor progression. We first studied
glioma progression under virotherapy. Virotherapy is a promising treatment.
However, most experiments of virotherapy conducted on rats show a lack of efficacy
in eradicating the tumor. This failure has mostly been attributed to interference
by the immune system. An immunosuppressive agent cyclophosphamide (CPA)
can reduce the percentage of immune cells. To determine how different protocols
of CPA treatment and the burst size of the virus affect tumor growth, we
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introduced a mathematical model in collaboration with physician Chiocca’s group.
Mathematically, our model is a free boundary problem with five nonlinear
partial differential equations (PDEs): uninfected tumor cells, infected tumor
cells, dead cells, immune cells, free viruses. An analysis of new numerical
methods for this type of problem was carried out in [5]. Biologically, we
showed that the glioma diameter will decrease to 1 mm if the virus burst size is three
times the size seen in experiments, and that the effect of repeated CPA treatment
is to maintain a low density of uninfected cells in the tumor, thus reducing the
probability of tumor cell migration to other locations in brain. These predictions
were confirmed by new experiments further conducted by Chiocca’s group. The
research was published in the journal Cancer Research [3]. We have also finished
a study of ODE version of this model with emphasizing periodic behaviors [8]. Our
work [3] has been cited by more than 85 research articles.

Traditional treatments of tumors are resection, then followed by radiotherapy
and chemotherapy. In order to find an optimal combination of these treatments
for patients, we developed a mathematical model for glioma progression, which
incorporates radiotherapy and chemotherapy (temozolomide) after resection in [4].
It is a free boundary problem with three nonlinear PDEs. With my research
student, we have done some mathematical analysis of this model in [11], and after
several variable transformations along backward characteristic curves we found
an explicit solution for such free boundary problems, which was a surprise
to us. With two students, we finished a study of an ODE version of this model [7],
found a weak solution for different treatments, and made some suggestions for
therapy based on our study.

To have a clear dynamical picture of tumor virotherapy, I put forward a
basic ODE model for virotherapy and did a mathematical analysis for it in
[9]. The analysis shows the replicability of oncolytic virus is a critical parameter.
However, the timing of the intracellular process of viral infection plays an important
role as shown in some experiments. We have to incorporate this process in our
mathematical model. In [10], we found such a rich dynamical behavior involved
in virotherapy. The viral lytic cycle is characterized by two parameters, the time
period of the viral lytic cycle and the viral burst size. In [12], we put forward a
nonlinear system of functional differential equations with the time period of
the viral lytic cycle as a delay parameter. The model reveals a striking feature that
the critical value of the period of the viral lytic cycle is determined by the viral burst
size. An important clinic implication is that the burst size should be carefully
modified according to its effect on the lytic cycle when a type of a virus is modified
for virotherapy, so that the period of the viral lytic cycle is in a suitable range which
can break away the stability of the positive equilibria or periodic solutions.

The effect of medical treatments of tumors only lasts for a finite period of
time. When dynamical systems that describe tumor dynamics are disturbed by
therapies, these perturbations are actually finite-time perturbations. In paper [6],
we did a general study of finite-time perturbations of dynamical systems.
Under certain conditions, we showed that finite-time perturbed dynamical systems
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are asymptotically equivalent to unperturbed dynamical systems. This means the
tumor eventually comes back and grows if the treatment cannot cure it within a
period of finite time.

Recognition of data patterns of gene expression relating to tumorigenesis is
important. Working with colleagues, we used computational statistics to study
gene expression patterns in [13] and [14].

2. Research in ecology focuses on disease ecology: Mathematical ecology
is a classical field. However, there are still many new problems and directions
that are worthy of further study. Its methods are useful in other subfields of
mathematical biology. Disease ecology merges key ideas from ecology, medicine,
genetics, immunology and epidemiology to explore interactions that lead to the
occurrence and evolution of disease within ecosystems. It is of global importance.
In disease ecology, I have published 3 papers [16-18], and 2 manuscripts [37-38] are
under review.

Cholera is an ancient disease that continues to cause epidemic and pandemic
disease despite ongoing efforts to limit its spread. The present pandemic started
from Indonesia in 1961. It spread into Europe, South Pacific and Japan in the late
1970s. In the 1990s, cholera spread in South America. Recently, there are many
outbreaks around the world. To understand the dynamics of cholera, we conducted
a global stability analysis for several existing deterministic cholera epidemic
models. These models, incorporating both human population and pathogen
V. cholerae concentration, constitute high dimensional nonlinear autonomous
systems. We employed three different techniques, monotone dynamical systems,
geometric approach, and Lyapunov functions, to investigate endemic global
stability for several biologically important models in [17], that has been cited by
many research articles. We have also proposed some control strategies in cholera
modeling in a manuscript [16]. Inspired by some models for cholera dynamics with
time periodic parameters, we studied such non-autonomous systems, and found
several new results about classical Floquet theory in a manuscript [37]. For
example, for the stability of periodic solutions of autonomous differential equations
and non-autonomous periodic systems, we gave some criterions for the Poincaré
map and the linearizations at periodic solutions. The relations between Floquet
exponents of delay linear periodic systems and that of corresponding linear systems
are also studied.

The pandemic of avian influenza seems possible. The scientific community
focuses on experimental research of all kinds of different candidates of avian
influenza viruses. H5N2 is one candidate. Based on observations and experimental
data, we put forward two deterministic models (each with thirteen nonlinear
ordinary or partial differential equations) to study the evolution and dynamics
of H5N2. The models incorporate mutation from low pathogenic avian influenza
viruses to high pathogenic counterparts, and also incorporate spread into the human
population. We tried to answer several questions posed by a experimental group in
the Netherlands. They are different from traditional SIR or SI models. The results
were prepared in [18] and [38].

3



3. Study of stem cell regulation: Understanding of stem cell regulation
is fundamentally important for medical uses of stem cells and study of tumor
initiation. To study regulation of stem cells via physical interaction (non-signaling
interaction), we collaborate with Ting Xie at Stowers Institute for Medical
Research. Particularly, we focus on the mechanism of Drosophila germline stem
cells competing for niche space and how one cell is physically pushed out of the
niche, which will then have a high possibility of becoming a cancer stem cell.
The full model we proposed is a Ginzburg-Landau type system between
cell surfaces with free boundaries. (Please see my research plan below.)
We published a preliminary study in [15]. To study the regulation of stem cells
via signaling molecules, we collaborate with Angelique Bordey at Yale School of
Medicine. Particularly, we focus on the signaling molecules GABA, glutamate,
and Shh in the niche subventricular zone of human neural stem cells, which has
important features related to cancer stem cell initiation. The full model we proposed
for these signaling control is a convection-diffusion system with a new feature
of constant flux out. Working with Philip Maini at the Centre for Mathematical
Biology at Oxford University, we are preparing simplified ODE version of the model
a manuscript [35] on GABA regulation role in the SVZ.

4. New mathematical concepts from biology and my past research:
My graduate study was originally in low-dimensional topology and knot theory.
Later I became interested in mathematical biology. At that time, I asked biologist
Michael T. Clegg in UC Riverside for biological questions and he introduced
coalescent theory to me. I learned mathematics related to coalescent theory,
stochastic processes and statistics, and almost finished a master degree from
Statistics Department (only one course and a comprehensive exam needed for the
master degree in statistics. I didn’t have time to complete it since I took the
postdoctoral fellow in MBI.) To answer Clegg’s geographic question in coalescent
theory, we proposed colored coalescent theory. Motivated by coalescent theory,
we introduced multi-person random walks on graphs. Inspired by algebras
in genetics including Claude E. Shannon’s Ph.D thesis, we found a coalgebraic
structure of genetic inheritance. Inspired by non-Mendelian genetics and Markov
chains, I defined a new type of algebra, Evolution Algebra. Most of these works
were done when I was a graduate student or several years ago.

4.1 Coalgebraic structure of genetic inheritance: The coalgebraic
structure of genetics exists when we consider multiplication in the direction from
progeny to parents. The coalgebraic structure is not the dual coalgebraic structure
and can be used in the construction of phylogenetic trees. Mathematically,
constructing phylogenetic trees means solving equations of principal or plenary
powers x[n] = a or x(n) = b. This is generally impossible in algebras. However
in coalgebras, we can solve them in the sense of tracing back for their ancestors.
In paper [27], we developed a framework of coalgebraic structure for genetics, and
introduced several fundamental algebraic concepts and examined their properties
that are of genetic significance. This topic has currently been studied by other
researchers.
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4.2 Evolution algebra: In my book Evolution Algebras and Their
Applications, we introduced evolution algebra which were motivated by evolution
laws of genetics. Viewing alleles (or organelles) as generators of algebras, we define
the multiplication of two “alleles”Gi and Gj by Gi·Gj = 0 if i 6= j; Gi·Gi =

∑
j pijGj

as “self-reproduction”, where the summation is taken over all generator Gjs.
Then, the reproduction process in genetics is represented by multiplication in
algebras. Evolution algebras are commutative, but not necessary associative.
When these pijs form Markovian transition probabilities, the properties of algebras
are associated with properties of Markov chains. Markov chains allow us to
develop algebras at deeper hierarchical levels than standard algebras. Introducing
several new algebraic concepts, algebraic persistency, algebraic transiency, algebraic
periodicity, we establish hierarchical structures for evolution algebras. The
analysis developed in this book enables us to take a new perspective into Markov
process theory and to derive new algebraic properties on Markov chains. We see
that any general Markov chain has a dynamical hierarchy and the probabilistic
flow is moving with invariance on this hierarchy, and that all Markov chains can
be classified by the skeleton-shape classification of their evolution algebras. When
we apply the algebras back to non-Mendelian genetics, such as organelle heredity,
we can not only explain a puzzling feature of establishment of homoplasmy from
heteroplasmic cell population and the coexistence of mitochondrial triplasmy, but
also predict mechanisms to establish the homoplasmy of cell population. Actually,
these mechanisms are hypothetical ones in current mitochondrial disease research.
Evolution algebras have many connections with other fields of mathematics, such
as graph theory, group theory, knot theory, and Ihara-Selberg zeta functions.
Evolution algebras provide a framework to unify many phenomena. We put these
related ideas as further research topics in my book. Some of these topics are
currently studied by other researchers.

4.3 Colored coalescent theory and stochastic processes: Evolution
algebra can be an algebraic view of coalescent theory, and it is a byproduct of
my study of coalescent theory. We have published 5 papers [19-23] in this direction.
Coalescent theory is a theoretical framework for molecular population genetics. It
studies stochastic processes leading to the most recent common ancestor (MRCA)
from a sample under various model conditions. If branching processes are viewed as
stochastic models of generating random trees from their roots, coalescent processes
can be viewed as inverse processes, which recover random trees from their leaves.
In order to answer a question about migration in human evolution history asked by
Michael Clegg, we introduced a colored coalescent model. Moving backwards
along colored genealogical trees, the color of vertices may change only when two
vertices coalesce. The rule that governs the change of color involves a parameter
x. We carried out the explicit computations of the expectation and the cumulative
distribution function of the coalescent time to MRCA with different colors. For
example, when x = 1

2
for a sample of n colored individuals, the expected time to

reach a black MRCA or a white MRCA is 3− 2
n

respectively. On the other hand, the
expected time for the colored coalescent process to reach a MRCA, either black or
white, is 2− 2

n
, which is the same as that in the standard Kingman coalescent process.
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We also studied colored coalescent processes with color mutation processes,
which are independent Poisson processes running on random genealogical trees.
These results were written in [19] and [23].

Inspired by coalescent theory, we have introduced a stochastic model called
“multi-person simple random walks”or “coalescent random walks”on a graph
G. There is a finite number of persons distributed randomly at vertices of G. In
each step, we randomly pick up a person and move it to a random adjacent vertex.
To study this model, we introduced two new concepts: tensor powers of graphs
and tensor products of Markov processes. Then using them, a coalescent random
walk becomes a simple random walk on a tensor power of G. We gave estimates
of the expected number of steps for these persons to meet all together at a specific
vertex. This work was done in [20]. This work has potential applications in random
network study.

In order to understand time scaling in coalescent theory, we introduced a notion
of frequency for graphs and for Markov processes. It serves well as a scaling
factor between any Markov time of a continuous time Markov process and that of
its jump chain. However, for a huge Markov process, computation of any quantities,
even for its jump chain, is still difficult. For a lumpable process, in order to recover
certain quantities from the jump chain of the lumped process, it needs a type of
commutativity among four processes: Markov process X, its lumped process X̄,
the jump chain of X, and the jump chain of X̄. We gave a necessary and sufficient
condition for this commutativity, and also provide conditions to recover some of the
basic quantities of the original process from the jump chain of the lumped Markov
process. These results were prepared in [21] and [22].

4.4 Research in low-dimensional topology/knot theory: During the first
several years of my graduate study, my focus was low-dimensional topology and knot
theory. In order to understand quantum invariants of links and 3-manifolds defined
without representations, we gave a method to construct them, and made some
detailed comparisons of all methods of defining invariants without representations.
We found that essentially without representations of quantum groups there is only
one family of invariants that can be constructed. Three papers were published on
this work: [31-33].

Since Reshetikhin and Turaev constructed invariants of links and 3-manifolds,
and established the equivalence of tensor categories and 3-dimensional topological
quantum field theories, representation theory of Hopf algebras (particularly
quantum groups) has become an important tool in low-dimensional topology.
However, the necessity of representation theory can be obliterated, since objects and
their representations are equivalent in a sense. Actually, there is some work already
done in this direction. Hennings was the first to use quasitriangular ribbon Hopf
algebras and their right integrals to directly construct invariants for colored framed
links and 3-manifolds. Then, Kauffman and Ohtsuki modified Henning’s method
and defined so-called universal invariants of framed links and 3-manifolds. In my
study, we first explored if there is any alternative approach to construct invariants
without representations. To do that, fixing a ribbon Hopf algebra, we defined an
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algebraic tensor product space and a formal tensor space (whose elements may be
regarded as homogeneous tangle diagrams), a map between them under certain
conditions. This map gives a regular isotopic invariant of homogeneous tangles. By
a linear map on algebras, we defined topological invariants of 3-manifolds obtained
by surgery along framed links. This is third way to construct invariants of links
and 3-manifolds without representations. Our results are in [32]. Secondly, we
did some comprehensive comparisons among all the works in this direction. An
interesting result we obtained is that there is an accompanying algebra for every
unimodular quasitriangular ribbon Hopf algebra which is also the same type of
algebra. This intrinsic property of Hopf algebras helps to reveal relations among
invariants defined by Hennings, Kauffman and Radford, Ohtsuki and us. That
is, these four approaches and their results are equivalent, if the difference by a
constant or accompany is ignored. Our conclusion is that there is only one family of
invariants of links and 3-manifolds that can be constructed without representations
of quantum groups in [33]. One problem remained — what is the difference between
invariants derived with or without braid group representations? To discover this
difference, we turned to fundamental algebraic structure behind 3-manifold theory:
braid groups. The smooth manifold of the representation variety R = R(Fn, G),
where G is a semisimple compact Lie group, can be obtained by taking braid group
Bn as a subgroup of Aut(Fn). This manifold gives a representation of Aut(Fn),
therefore Bn, over the diffeomorphism group of R, which is a linear representation
of Bn over Lie algebra of R along a fixed path. By taking Lie group SU(2, C),
the Burau representation can be obtained on the complex part of the Lie algebra.
After taking a product manifold of the representation space, SU(2, C)n, we got a
new family of representations of braid groups on the tangent bundle of this product
manifold which is a generalized Long’s structure in [31].
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